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Standard Graphs vs. Mean & Variance Graphs: Which ones are more interpretable?
Understanding in biology & medicine:

• Which molecules shift mean expression?
• What regulates cell-to-cell variability? 

Ras

MKKK MKKK-P

MKK MKK-P MKK-PP

MAPK MAPK-P MAPK-PP

Latent discrimination detection in decision-making:

• Risk aversion by rejecting subgroups with high 
outcome variance is usual, but is it really fair?

Problem Setup: Bayesian Causal Discovery

Mean-Variance HNM, Mean & Variance Graphs
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Heteroscedastic Noise Model (HNM): An SCM follows an HNM if the structural equation obeys

Xj = mj(Xpa(j)) + vj(Xpa(j))Ej for j = 1, . . . , d, (2)

where mj , vj → F are deterministic functions with vj(·) > 0 for any input, and Ej → E is the noise
that has zero mean (E[Ej ] = 0) and is mutually independent (Ei ↑↑Ej for i ↓= j) (Xu et al., 2022).

A notable advantage of HNMs is that conditional variance V[Xj | Xpa(j)] = V[Ej ]
(
vj(Xpa(j))

)2 is
given as a function of Xpa(j), thus capturing heteroscedasticity in complex real-world data (e.g., gene
expression data (Imoto et al., 2003)). This ability to represent complex heteroscedastic relationships
sharply contrasts with two identifiable SCM classes. Additive noise models (ANMs) (Shimizu et al.,
2006; Hoyer et al., 2008) assumes homoscedasticity, as their structural equation is given as a special
case of HNMs in (2) with constant vj(·). Although post-nonlinear models (PNLs) (Zhang and
Hyvärinen, 2009) are more general than ANMs and can capture multipricative noise unlike HNMs,
they also assume homoscedasticity and thus cannot detect the source of variability (Yin et al., 2024).

For this reason, there is a growing interest in HNMs. Early work have shown bivariate identifiability
(Khemakhem et al., 2021; Xu et al., 2022), which is extended to multivariate setup (Strobl and
Lasko, 2023; Yin et al., 2024). Building on their identifiability results, likelihood-based methods
(Immer et al., 2023; Kikuchi, 2022; Tran et al., 2024; Yin et al., 2024) and independence-test-based
methods (Duong and Nguyen, 2023; Immer et al., 2023; Lin et al., 2025) have been proposed for
the point estimation of the causal graph. Our work differs in two key aspects. (i) Our inference
targets are mean and variance causal graphs, whose definition and identifiability are presented in
Section 3. (ii) Unlike existing point estimation methods, we develop a Bayesian approach that infers
the posterior distribution over causal graphs (Section 4). This enables Monte Carlo approximation of
posterior probabilities for structural features, such as the presence of an edge, a path, or a subgraph
(Giudici and Castelo, 2003), thus facilitating the discovery of highly probable structural features.

3 TOWARDS MOMENT-DRIVEN CAUSAL GRAPH DISCOVERY

As a novel class of SCMs, we propose mean-variance HNMs with mean and variance causal graphs
in Section 3.1. We then discuss the identifiability conditions of these causal graphs in Section 3.2.

3.1 MEAN-VARIANCE HNM WITH MEAN AND VARIANCE CAUSAL GRAPHS

To accommodate possibly distinct mean- and variance-level causal relationships, we define a mean-
variance HNM of each variable Xj → X by modifying the original HNM in (2) as

Xj = mj

(
XpaM (j)

)
+ vj

(
XpaV (j)

)
Ej for j = 1, . . . , d, (3)

where XpaM (j),XpaV (j) ↔ X\Xj are variable subsets, mj , vj are functions with vj(·) > 0, and Ej

is a noise with E[Ej ] = 0 and Ei ↑↑Ej for i ↓= j. As with Duong and Nguyen (2023); Yin et al.
(2024), we assume that Ej follows a (zero-mean) Gaussian distribution. Under this assumption,
statistical moments affected by Xpa(j) := XpaM (j) ↗ XpaV (j) are restricted to mean and variance,
which are determined using functions mj and vj as E[Xj | Xpa(j)] = mj(XpaM (j)) and V[Xj |

Xpa(j)] = V[Ej ]
(
vj(XpaV (j))

)2. We hence refer to mj and vj as mean and variance functions.

We define the mean and variance causal graphs based on parental variables XpaM (j) and XpaV (j):
Mean causal graph G

M has edge Xi ↘ Xj if and only if Xi → XpaM (j), and variance causal graph
G

V contains edge Xi ↘ Xj if and only if Xi → XpaV (j). We define their adjacency matrices
AM

,AV
→ {0, 1}

d→d by A
M

i,j
= 1 if Xi ↘ Xj in G

M ; otherwise, AM

i,j
= 0; AV is defined simi-

larly. We also introduce moment-agnostic causal graph G, whose adjacency matrix A → {0, 1}
d→d

is given by taking the logical OR of binary matrices AM and AV as Ai,j = A
M

i,j
≃A

V

i,j
.

Connection to Original HNM: When the input sets are identical (XpaM (j) = XpaV (j) = Xpa(j)),
our mean-variance HNM reduces to the original HNM. Conversely, any instance of a mean-variance
HNM can be rewritten as the original HNM via input masking: The mean and variance func-
tions in the former can be reformulated as mj(SpaM (j)(Xpa(j))) and vj(SpaV (j)(Xpa(j))), where
SI : Xpa(j) ↘ XI is a masking function that selects the variables indexed by I ⇐ {1, . . . , d} from
parents Xpa(j) in moment-agnostic graph G. Thus, two HNMs expresses the same class of functions.
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)2. We hence refer to mj and vj as mean and variance functions.

We define the mean and variance causal graphs based on parental variables XpaM (j) and XpaV (j):
Mean causal graph G

M has edge Xi ↘ Xj if and only if Xi → XpaM (j), and variance causal graph
G

V contains edge Xi ↘ Xj if and only if Xi → XpaV (j). We define their adjacency matrices
AM

,AV
→ {0, 1}

d→d by A
M

i,j
= 1 if Xi ↘ Xj in G

M ; otherwise, AM

i,j
= 0; AV is defined simi-

larly. We also introduce moment-agnostic causal graph G, whose adjacency matrix A → {0, 1}
d→d

is given by taking the logical OR of binary matrices AM and AV as Ai,j = A
M

i,j
≃A

V

i,j
.

Connection to Original HNM: When the input sets are identical (XpaM (j) = XpaV (j) = Xpa(j)),
our mean-variance HNM reduces to the original HNM. Conversely, any instance of a mean-variance
HNM can be rewritten as the original HNM via input masking: The mean and variance func-
tions in the former can be reformulated as mj(SpaM (j)(Xpa(j))) and vj(SpaV (j)(Xpa(j))), where
SI : Xpa(j) ↘ XI is a masking function that selects the variables indexed by I ⇐ {1, . . . , d} from
parents Xpa(j) in moment-agnostic graph G. Thus, two HNMs expresses the same class of functions.
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Heteroscedastic Noise Model (HNM): An SCM follows an HNM if the structural equation obeys

Xj = mj(Xpa(j)) + vj(Xpa(j))Ej for j = 1, . . . , d, (2)

where mj , vj → F are deterministic functions with vj(·) > 0 for any input, and Ej → E is the noise
that has zero mean (E[Ej ] = 0) and is mutually independent (Ei ↑↑Ej for i ↓= j) (Xu et al., 2022).

A notable advantage of HNMs is that conditional variance V[Xj | Xpa(j)] = V[Ej ]
(
vj(Xpa(j))

)2 is
given as a function of Xpa(j), thus capturing heteroscedasticity in complex real-world data (e.g., gene
expression data (Imoto et al., 2003)). This ability to represent complex heteroscedastic relationships
sharply contrasts with two identifiable SCM classes. Additive noise models (ANMs) (Shimizu et al.,
2006; Hoyer et al., 2008) assumes homoscedasticity, as their structural equation is given as a special
case of HNMs in (2) with constant vj(·). Although post-nonlinear models (PNLs) (Zhang and
Hyvärinen, 2009) are more general than ANMs and can capture multipricative noise unlike HNMs,
they also assume homoscedasticity and thus cannot detect the source of variability (Yin et al., 2024).

For this reason, there is a growing interest in HNMs. Early work have shown bivariate identifiability
(Khemakhem et al., 2021; Xu et al., 2022), which is extended to multivariate setup (Strobl and
Lasko, 2023; Yin et al., 2024). Building on their identifiability results, likelihood-based methods
(Immer et al., 2023; Kikuchi, 2022; Tran et al., 2024; Yin et al., 2024) and independence-test-based
methods (Duong and Nguyen, 2023; Immer et al., 2023; Lin et al., 2025) have been proposed for
the point estimation of the causal graph. Our work differs in two key aspects. (i) Our inference
targets are mean and variance causal graphs, whose definition and identifiability are presented in
Section 3. (ii) Unlike existing point estimation methods, we develop a Bayesian approach that infers
the posterior distribution over causal graphs (Section 4). This enables Monte Carlo approximation of
posterior probabilities for structural features, such as the presence of an edge, a path, or a subgraph
(Giudici and Castelo, 2003), thus facilitating the discovery of highly probable structural features.

3 TOWARDS MOMENT-DRIVEN CAUSAL GRAPH DISCOVERY

As a novel class of SCMs, we propose mean-variance HNMs with mean and variance causal graphs
in Section 3.1. We then discuss the identifiability conditions of these causal graphs in Section 3.2.

3.1 MEAN-VARIANCE HNM WITH MEAN AND VARIANCE CAUSAL GRAPHS

To accommodate possibly distinct mean- and variance-level causal relationships, we define a mean-
variance HNM of each variable Xj → X by modifying the original HNM in (2) as

Xj = mj

(
XpaM (j)

)
+ vj

(
XpaV (j)

)
Ej for j = 1, . . . , d, (3)

where XpaM (j),XpaV (j) ↔ X\Xj are variable subsets, mj , vj are functions with vj(·) > 0, and Ej

is a noise with E[Ej ] = 0 and Ei ↑↑Ej for i ↓= j. As with Duong and Nguyen (2023); Yin et al.
(2024), we assume that Ej follows a (zero-mean) Gaussian distribution. Under this assumption,
statistical moments affected by Xpa(j) := XpaM (j) ↗ XpaV (j) are restricted to mean and variance,
which are determined using functions mj and vj as E[Xj | Xpa(j)] = mj(XpaM (j)) and V[Xj |

Xpa(j)] = V[Ej ]
(
vj(XpaV (j))

)2. We hence refer to mj and vj as mean and variance functions.

We define the mean and variance causal graphs based on parental variables XpaM (j) and XpaV (j):
Mean causal graph G

M has edge Xi ↘ Xj if and only if Xi → XpaM (j), and variance causal graph
G

V contains edge Xi ↘ Xj if and only if Xi → XpaV (j). We define their adjacency matrices
AM

,AV
→ {0, 1}

d→d by A
M

i,j
= 1 if Xi ↘ Xj in G

M ; otherwise, AM

i,j
= 0; AV is defined simi-

larly. We also introduce moment-agnostic causal graph G, whose adjacency matrix A → {0, 1}
d→d

is given by taking the logical OR of binary matrices AM and AV as Ai,j = A
M

i,j
≃A

V

i,j
.

Connection to Original HNM: When the input sets are identical (XpaM (j) = XpaV (j) = Xpa(j)),
our mean-variance HNM reduces to the original HNM. Conversely, any instance of a mean-variance
HNM can be rewritten as the original HNM via input masking: The mean and variance func-
tions in the former can be reformulated as mj(SpaM (j)(Xpa(j))) and vj(SpaV (j)(Xpa(j))), where
SI : Xpa(j) ↘ XI is a masking function that selects the variables indexed by I ⇐ {1, . . . , d} from
parents Xpa(j) in moment-agnostic graph G. Thus, two HNMs expresses the same class of functions.
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Heteroscedastic Noise Model (HNM): An SCM follows an HNM if the structural equation obeys

Xj = mj(Xpa(j)) + vj(Xpa(j))Ej for j = 1, . . . , d, (2)

where mj , vj → F are deterministic functions with vj(·) > 0 for any input, and Ej → E is the noise
that has zero mean (E[Ej ] = 0) and is mutually independent (Ei ↑↑Ej for i ↓= j) (Xu et al., 2022).

A notable advantage of HNMs is that conditional variance V[Xj | Xpa(j)] = V[Ej ]
(
vj(Xpa(j))

)2 is
given as a function of Xpa(j), thus capturing heteroscedasticity in complex real-world data (e.g., gene
expression data (Imoto et al., 2003)). This ability to represent complex heteroscedastic relationships
sharply contrasts with two identifiable SCM classes. Additive noise models (ANMs) (Shimizu et al.,
2006; Hoyer et al., 2008) assumes homoscedasticity, as their structural equation is given as a special
case of HNMs in (2) with constant vj(·). Although post-nonlinear models (PNLs) (Zhang and
Hyvärinen, 2009) are more general than ANMs and can capture multipricative noise unlike HNMs,
they also assume homoscedasticity and thus cannot detect the source of variability (Yin et al., 2024).

For this reason, there is a growing interest in HNMs. Early work have shown bivariate identifiability
(Khemakhem et al., 2021; Xu et al., 2022), which is extended to multivariate setup (Strobl and
Lasko, 2023; Yin et al., 2024). Building on their identifiability results, likelihood-based methods
(Immer et al., 2023; Kikuchi, 2022; Tran et al., 2024; Yin et al., 2024) and independence-test-based
methods (Duong and Nguyen, 2023; Immer et al., 2023; Lin et al., 2025) have been proposed for
the point estimation of the causal graph. Our work differs in two key aspects. (i) Our inference
targets are mean and variance causal graphs, whose definition and identifiability are presented in
Section 3. (ii) Unlike existing point estimation methods, we develop a Bayesian approach that infers
the posterior distribution over causal graphs (Section 4). This enables Monte Carlo approximation of
posterior probabilities for structural features, such as the presence of an edge, a path, or a subgraph
(Giudici and Castelo, 2003), thus facilitating the discovery of highly probable structural features.

3 TOWARDS MOMENT-DRIVEN CAUSAL GRAPH DISCOVERY

As a novel class of SCMs, we propose mean-variance HNMs with mean and variance causal graphs
in Section 3.1. We then discuss the identifiability conditions of these causal graphs in Section 3.2.

3.1 MEAN-VARIANCE HNM WITH MEAN AND VARIANCE CAUSAL GRAPHS

To accommodate possibly distinct mean- and variance-level causal relationships, we define a mean-
variance HNM of each variable Xj → X by modifying the original HNM in (2) as

Xj = mj

(
XpaM (j)

)
+ vj

(
XpaV (j)

)
Ej for j = 1, . . . , d, (3)

where XpaM (j),XpaV (j) ↔ X\Xj are variable subsets, mj , vj are functions with vj(·) > 0, and Ej

is a noise with E[Ej ] = 0 and Ei ↑↑Ej for i ↓= j. As with Duong and Nguyen (2023); Yin et al.
(2024), we assume that Ej follows a (zero-mean) Gaussian distribution. Under this assumption,
statistical moments affected by Xpa(j) := XpaM (j) ↗ XpaV (j) are restricted to mean and variance,
which are determined using functions mj and vj as E[Xj | Xpa(j)] = mj(XpaM (j)) and V[Xj |

Xpa(j)] = V[Ej ]
(
vj(XpaV (j))

)2. We hence refer to mj and vj as mean and variance functions.

We define the mean and variance causal graphs based on parental variables XpaM (j) and XpaV (j):
Mean causal graph G

M has edge Xi ↘ Xj if and only if Xi → XpaM (j), and variance causal graph
G

V contains edge Xi ↘ Xj if and only if Xi → XpaV (j). We define their adjacency matrices
AM

,AV
→ {0, 1}

d→d by A
M

i,j
= 1 if Xi ↘ Xj in G

M ; otherwise, AM

i,j
= 0; AV is defined simi-

larly. We also introduce moment-agnostic causal graph G, whose adjacency matrix A → {0, 1}
d→d

is given by taking the logical OR of binary matrices AM and AV as Ai,j = A
M

i,j
≃A

V

i,j
.

Connection to Original HNM: When the input sets are identical (XpaM (j) = XpaV (j) = Xpa(j)),
our mean-variance HNM reduces to the original HNM. Conversely, any instance of a mean-variance
HNM can be rewritten as the original HNM via input masking: The mean and variance func-
tions in the former can be reformulated as mj(SpaM (j)(Xpa(j))) and vj(SpaV (j)(Xpa(j))), where
SI : Xpa(j) ↘ XI is a masking function that selects the variables indexed by I ⇐ {1, . . . , d} from
parents Xpa(j) in moment-agnostic graph G. Thus, two HNMs expresses the same class of functions.
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Heteroscedastic Noise Model (HNM): An SCM follows an HNM if the structural equation obeys

Xj = mj(Xpa(j)) + vj(Xpa(j))Ej for j = 1, . . . , d, (2)

where mj , vj → F are deterministic functions with vj(·) > 0 for any input, and Ej → E is the noise
that has zero mean (E[Ej ] = 0) and is mutually independent (Ei ↑↑Ej for i ↓= j) (Xu et al., 2022).

A notable advantage of HNMs is that conditional variance V[Xj | Xpa(j)] = V[Ej ]
(
vj(Xpa(j))

)2 is
given as a function of Xpa(j), thus capturing heteroscedasticity in complex real-world data (e.g., gene
expression data (Imoto et al., 2003)). This ability to represent complex heteroscedastic relationships
sharply contrasts with two identifiable SCM classes. Additive noise models (ANMs) (Shimizu et al.,
2006; Hoyer et al., 2008) assumes homoscedasticity, as their structural equation is given as a special
case of HNMs in (2) with constant vj(·). Although post-nonlinear models (PNLs) (Zhang and
Hyvärinen, 2009) are more general than ANMs and can capture multipricative noise unlike HNMs,
they also assume homoscedasticity and thus cannot detect the source of variability (Yin et al., 2024).

For this reason, there is a growing interest in HNMs. Early work have shown bivariate identifiability
(Khemakhem et al., 2021; Xu et al., 2022), which is extended to multivariate setup (Strobl and
Lasko, 2023; Yin et al., 2024). Building on their identifiability results, likelihood-based methods
(Immer et al., 2023; Kikuchi, 2022; Tran et al., 2024; Yin et al., 2024) and independence-test-based
methods (Duong and Nguyen, 2023; Immer et al., 2023; Lin et al., 2025) have been proposed for
the point estimation of the causal graph. Our work differs in two key aspects. (i) Our inference
targets are mean and variance causal graphs, whose definition and identifiability are presented in
Section 3. (ii) Unlike existing point estimation methods, we develop a Bayesian approach that infers
the posterior distribution over causal graphs (Section 4). This enables Monte Carlo approximation of
posterior probabilities for structural features, such as the presence of an edge, a path, or a subgraph
(Giudici and Castelo, 2003), thus facilitating the discovery of highly probable structural features.

3 TOWARDS MOMENT-DRIVEN CAUSAL GRAPH DISCOVERY

As a novel class of SCMs, we propose mean-variance HNMs with mean and variance causal graphs
in Section 3.1. We then discuss the identifiability conditions of these causal graphs in Section 3.2.

3.1 MEAN-VARIANCE HNM WITH MEAN AND VARIANCE CAUSAL GRAPHS

To accommodate possibly distinct mean- and variance-level causal relationships, we define a mean-
variance HNM of each variable Xj → X by modifying the original HNM in (2) as

Xj = mj

(
XpaM (j)

)
+ vj

(
XpaV (j)

)
Ej for j = 1, . . . , d, (3)

where XpaM (j),XpaV (j) ↔ X\Xj are variable subsets, mj , vj are functions with vj(·) > 0, and Ej

is a noise with E[Ej ] = 0 and Ei ↑↑Ej for i ↓= j. As with Duong and Nguyen (2023); Yin et al.
(2024), we assume that Ej follows a (zero-mean) Gaussian distribution. Under this assumption,
statistical moments affected by Xpa(j) := XpaM (j) ↗ XpaV (j) are restricted to mean and variance,
which are determined using functions mj and vj as E[Xj | Xpa(j)] = mj(XpaM (j)) and V[Xj |

Xpa(j)] = V[Ej ]
(
vj(XpaV (j))

)2. We hence refer to mj and vj as mean and variance functions.

We define the mean and variance causal graphs based on parental variables XpaM (j) and XpaV (j):
Mean causal graph G

M has edge Xi ↘ Xj if and only if Xi → XpaM (j), and variance causal graph
G

V contains edge Xi ↘ Xj if and only if Xi → XpaV (j). We define their adjacency matrices
AM

,AV
→ {0, 1}

d→d by A
M

i,j
= 1 if Xi ↘ Xj in G

M ; otherwise, AM

i,j
= 0; AV is defined simi-

larly. We also introduce moment-agnostic causal graph G, whose adjacency matrix A → {0, 1}
d→d

is given by taking the logical OR of binary matrices AM and AV as Ai,j = A
M

i,j
≃A

V

i,j
.

Connection to Original HNM: When the input sets are identical (XpaM (j) = XpaV (j) = Xpa(j)),
our mean-variance HNM reduces to the original HNM. Conversely, any instance of a mean-variance
HNM can be rewritten as the original HNM via input masking: The mean and variance func-
tions in the former can be reformulated as mj(SpaM (j)(Xpa(j))) and vj(SpaV (j)(Xpa(j))), where
SI : Xpa(j) ↘ XI is a masking function that selects the variables indexed by I ⇐ {1, . . . , d} from
parents Xpa(j) in moment-agnostic graph G. Thus, two HNMs expresses the same class of functions.
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where P(AM
,AV

) is a prior, and P(D | AM
,AV

) is a marginal likelihood, obtained by integrat-
ing out the likelihood model parameters ! as

∫
P(! | AM

,AV
) P(D | !,AM

,AV
)d!. Unfor-

tunately, tractable computation of this integral requires restrictive parameterizations, such as linear
Gaussian models, which may lead to inaccurate inferences when the model assumptions are violated.

For this reason, we approximate the posterior with a variational distribution (with parameters ”) as
P(AM

,AV
| D) → P!(AM

,AV
). Below we present this DAG distribution and the likelihood.

4.1.1 DAG DISTRIBUTION MODEL

We formulate the theoretically aligned DAG distribution model P!(AM
,AV

) by ensuring that AM

and AV are the DAGs with a shared permutation (Assumptions 3.3 and 3.4).

To guarantee that adjacency matrices AM and AV represent such DAGs, we build on a well-known
result in graph theory and decompose them using a shared permutation matrix !:

AM
= !→UM!, AV

= !→UV !, (5)

where UM
,UV

↑ {0, 1}
d↑d are upper-triangular matrices, and ! ↑ {0, 1}

d↑d is a permutation
matrix, in which every row and every column has exactly one element of 1 with all others 0. Eq. (5)
simply states that permuting the elements in an upper-triangular matrix leads to a DAG adjacency
matrix, e.g., UM

ω(i),ω(j)
= A

M

i,j
, where ω is a permutation that takes ω(i) = j if and only if #i,j = 1.

Using the DAG decomposition in (5), we consider a variational distribution based on the following
factorization: P(AM

,AV
) =

∑
UM ,UV ,! P(UM

) P(UV
) P(!), where the summation is over

all upper-triangular matrices UM and UV and permutation matrices ! that are compatible with a
DAG pair, AM and AV . Unfortunately, the exact computation of this summation is intractable, as
the number of valid permutation matrices ! grows exponentially with the number of nodes d.

For this reason, we take a sampling-based learning approach by generalizing the idea of differen-
tiable DAG sampling (DDS) (Charpentier et al., 2022) to our setup with two DAG adjacency matri-
ces AM and AV . To enable backpropagation in a backward pass, we approximately compute the
gradient of the sampling operations for binary matrices UM , UV , and ! in (5) by leveraging their
continuous relaxation ŨM

, ŨV
↑ [0, 1]

d↑d and !̃ ↑ Rd↑d. To obtain such continuous matrices
ŨM and ŨV , we employ the Gumbel-Softmax trick (Jang et al., 2017), which allows differentiable
approximation using i.i.d. standard Gumbel noises gM
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,

where ε
M

i,j
,ε

V

i,j
↑ [0, 1] denote the Bernoulli distribution parameters, and ϑ

M
, ϑ

V
↔ 0 are the

hyperparameters that control the smoothness of the distribution. To compute !̃, we directly adopt
the DDS’s sampling scheme, which approximates the sorting order of perturbed log probabilities:

!̃ = SoftSort(logω + g), (6)

where ω ↑ Rd denotes the categorical distribution parameters, g ↑ Rd is a vector of i.i.d. standard
Gumbel noise, and SoftSort is a differentiable approximation to a sorting operation, which returns
a continuous relaxation of permutation matrix representing the sorted order of the input elements.
We detail the formulation of SoftSort function in Appendix C.2.

In a forward pass, we sample binary matrices UM , UV , ! ↑ {0, 1}
d↑d by applying the argmax

operator on ŨM and ŨV (e.g., UM

i,j
= argmax[1↗ Ũ

M

i,j
, Ũ

M

i,j
]) and a row-wise argmax operation on

!̃ ↑ Rd↑d. By plugging the sample of UM , UV , and ! into Eq. (5), we sample DAG adjacency
matrices AM

,AV
↓ P!(AM

,AV
), where ” = {εM

,εV
,ω} is a set of parameters.

4.1.2 LIKELIHOOD MODEL

Using DAG sample AM and AV , we model a likelihood based on our mean-variance HNM in (3).

For each j = 1, . . . , d, we parameterize mean and variance functions mj and vj using multi-layer
perceptrons (MLPs) with parameters ϑM

j
and ϑV

j
. To represent the (possibly different) inputs of
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where P(AM
,AV

) is a prior, and P(D | AM
,AV

) is a marginal likelihood, obtained by integrat-
ing out the likelihood model parameters ! as

∫
P(! | AM

,AV
) P(D | !,AM

,AV
)d!. Unfor-

tunately, tractable computation of this integral requires restrictive parameterizations, such as linear
Gaussian models, which may lead to inaccurate inferences when the model assumptions are violated.

For this reason, we approximate the posterior with a variational distribution (with parameters ”) as
P(AM

,AV
| D) → P!(AM

,AV
). Below we present this DAG distribution and the likelihood.

4.1.1 DAG DISTRIBUTION MODEL

We formulate the theoretically aligned DAG distribution model P!(AM
,AV

) by ensuring that AM

and AV are the DAGs with a shared permutation (Assumptions 3.3 and 3.4).

To guarantee that adjacency matrices AM and AV represent such DAGs, we build on a well-known
result in graph theory and decompose them using a shared permutation matrix !:

AM
= !→UM!, AV

= !→UV !, (5)

where UM
,UV

↑ {0, 1}
d↑d are upper-triangular matrices, and ! ↑ {0, 1}

d↑d is a permutation
matrix, in which every row and every column has exactly one element of 1 with all others 0. Eq. (5)
simply states that permuting the elements in an upper-triangular matrix leads to a DAG adjacency
matrix, e.g., UM

ω(i),ω(j)
= A

M

i,j
, where ω is a permutation that takes ω(i) = j if and only if #i,j = 1.

Using the DAG decomposition in (5), we consider a variational distribution based on the following
factorization: P(AM

,AV
) =

∑
UM ,UV ,! P(UM

) P(UV
) P(!), where the summation is over

all upper-triangular matrices UM and UV and permutation matrices ! that are compatible with a
DAG pair, AM and AV . Unfortunately, the exact computation of this summation is intractable, as
the number of valid permutation matrices ! grows exponentially with the number of nodes d.

For this reason, we take a sampling-based learning approach by generalizing the idea of differen-
tiable DAG sampling (DDS) (Charpentier et al., 2022) to our setup with two DAG adjacency matri-
ces AM and AV . To enable backpropagation in a backward pass, we approximately compute the
gradient of the sampling operations for binary matrices UM , UV , and ! in (5) by leveraging their
continuous relaxation ŨM

, ŨV
↑ [0, 1]

d↑d and !̃ ↑ Rd↑d. To obtain such continuous matrices
ŨM and ŨV , we employ the Gumbel-Softmax trick (Jang et al., 2017), which allows differentiable
approximation using i.i.d. standard Gumbel noises gM
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, Ũ
V
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=

e
(logε

V
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V
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V

e
(logεV
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V
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+ e
(log(1↓ε

V
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1 )/ϑV

,

where ε
M

i,j
,ε

V

i,j
↑ [0, 1] denote the Bernoulli distribution parameters, and ϑ

M
, ϑ

V
↔ 0 are the

hyperparameters that control the smoothness of the distribution. To compute !̃, we directly adopt
the DDS’s sampling scheme, which approximates the sorting order of perturbed log probabilities:

!̃ = SoftSort(logω + g), (6)

where ω ↑ Rd denotes the categorical distribution parameters, g ↑ Rd is a vector of i.i.d. standard
Gumbel noise, and SoftSort is a differentiable approximation to a sorting operation, which returns
a continuous relaxation of permutation matrix representing the sorted order of the input elements.
We detail the formulation of SoftSort function in Appendix C.2.

In a forward pass, we sample binary matrices UM , UV , ! ↑ {0, 1}
d↑d by applying the argmax

operator on ŨM and ŨV (e.g., UM

i,j
= argmax[1↗ Ũ

M

i,j
, Ũ

M

i,j
]) and a row-wise argmax operation on

!̃ ↑ Rd↑d. By plugging the sample of UM , UV , and ! into Eq. (5), we sample DAG adjacency
matrices AM

,AV
↓ P!(AM

,AV
), where ” = {εM

,εV
,ω} is a set of parameters.

4.1.2 LIKELIHOOD MODEL

Using DAG sample AM and AV , we model a likelihood based on our mean-variance HNM in (3).

For each j = 1, . . . , d, we parameterize mean and variance functions mj and vj using multi-layer
perceptrons (MLPs) with parameters ϑM

j
and ϑV

j
. To represent the (possibly different) inputs of
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these MLPs, we apply masking to X using the j-th column vectors in AM and AV , denoted by
AM

j
,AV

j
→ {0, 1}

d, leading to the following structural equation parameterization:

Xj = mj(AM

j
↑ X;ωM

j
) + vj(AV

j
↑ X;ωV

j
)Ej for j = 1, . . . , d, (7)

where ↑ denotes the Hadamard product. By assuming, without loss of generality, that noise Ej

follows a standard Gaussian distribution N (0, 1), we parameterize the conditional distribution of
Xj in (7) as multivariate Gaussian N (mj(AM

j
↑ X;ωM

j
), (vj(AV

j
↑ X;ωV

j
))

2
).

To satisfy Conditions (A) and (B) in Theorem 3.5, we formulate all MLPs in our experiments us-
ing leaky rectified linear unit (ReLU) activations, which are piecewise nonlinear and cannot be a
constant. To ensure that the variance function value is strictly positive (i.e., vj(·) > 0), we model
log vj(·) using an MLP and apply the exponential function to it as a final transformation.

4.2 MODEL PARAMETER LEARNING

To obtain approximated posterior P!(AM
,AV

) ↓ P(AM
,AV

| D), we learn parameters ! =

{εM
,εV

,ϑ}, and ” = {(ωM

j
,ωV

j
)
d

j=1
}, such that the Kullback Leibler (KL) divergence between

variational distribution P!(AM
,AV

) and true posterior P(AM
,AV

| D) is minimized. Since
minimizing this KL divergence is equivalent to maximizing the evidence lower bound (ELBO), we
aim to maximize the following ELBO-based objective function:

max
!,”

EAM ,AV →P!

[
log P”(D | AM

,AV
)
]
↔ ω#!,”, (8)

where log P”(D|AM
,AV

) is a log likelihood, ω ↗ 0 is a parameter for the sparsity regularizer:

#!,” = ω!KL
(
P!(U

M
,UV

) || P(UM
,UV

)
)
+ ω”M

d∑

j=1

↘ωM

j
↘
2

2
+ ω”V

d∑

j=1

↘ωV

j
↘
2

2
, (9)

where ω!,ω”M ,ω”V ↗ 0 are hyperparameters. Following DDS (Charpentier et al., 2022), we do
not put any prior on permutation matrix ! in Eq. (9) to retain tractable computation. We encourage
sparsity in the edge presence probabilities by setting prior probabilities P(UM

,UV
) to small values.

To solve the optimization problem in (8), we repeat three steps. First, we sample DAG adjacency
matrices AM and AV from P!(AM

,AV
). Then we use this single DAG sample to approximate the

expectation in Eq. (8) as the Gaussian log likelihood for observational dataset D = {x1, . . . , xn}:

log P”(D|AM
,AV

) = ↔
1

n

n∑

i=1

d∑

j=1

(
(xi,j ↔mj(xi,paM (j);ω

M

j
))

2

2(vj(xi,paV (j);ω
V

j
))2

+ logvj(xi,paV (j);ω
V

j
)

)
,

where xi,paM (j) := AM

j
↑ xi and xi,paV (j) := AV

j
↑ xi are the masked input vectors obtained from

observation xi. Finally, we perform a gradient-based update for ! and ” based on Eq. (8).

To effectively perform such a gradient-based optimization, we face two challenges.

1. Difficulty in Maximum Likelihood Estimation (MLE): Maximizing the likelihood with respect
to parameters ” is ill-posed in the sense that it can be arbitrarily increased by inflating the variance
function value rather than by reducing the residual errors (Seitzer et al., 2022). Moreover, gradient-
based optimization slows around the data points with high true variance because the gradients with
respect to mj and vj scale inversely with variance function vj(xi,paV (j);ω

V

j
) (Skafte et al., 2019).

We overcome these two issues by building on recent advances in heteroscedastic noise regression
(Stirn et al., 2023; Wong-Toi et al., 2024). To address the ill-posedness of MLE, we impose l2 regu-
larization on ”, as shown in Eq. (9). To resolve the optimization inefficiency, we alternately take two
steps. First, we update all the parameters except for the variance-related ones, i.e., ”\{(ωV

j
)
d

j=1
} and

!\εV , using the gradient of mean squared error (MSE), 1

n

∑
i,j
(xi,j↔mj(xi,paM (j);ω

M

j
))

2, which
is equivalent to scaling the standard gradient by (vj(xi,paV (j);ω

V

j
))

2. This scaling approximates a
computationally demanding second-order Newton step with an inverse Jacobian, thus enabling an
efficient, curvature-aware optimization. Second, we update variance-related parameters {(ωV

j
)
d

j=1
}

and εV using the standard gradient. Algorithm 1 summarizes the overall procedure. The total time
complexity is dominated by likelihood evaluation and is identical to Yin et al. (2024).
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these MLPs, we apply masking to X using the j-th column vectors in AM and AV , denoted by
AM

j
,AV

j
→ {0, 1}

d, leading to the following structural equation parameterization:

Xj = mj(AM

j
↑ X;ωM

j
) + vj(AV

j
↑ X;ωV

j
)Ej for j = 1, . . . , d, (7)

where ↑ denotes the Hadamard product. By assuming, without loss of generality, that noise Ej

follows a standard Gaussian distribution N (0, 1), we parameterize the conditional distribution of
Xj in (7) as multivariate Gaussian N (mj(AM

j
↑ X;ωM

j
), (vj(AV

j
↑ X;ωV

j
))

2
).

To satisfy Conditions (A) and (B) in Theorem 3.5, we formulate all MLPs in our experiments us-
ing leaky rectified linear unit (ReLU) activations, which are piecewise nonlinear and cannot be a
constant. To ensure that the variance function value is strictly positive (i.e., vj(·) > 0), we model
log vj(·) using an MLP and apply the exponential function to it as a final transformation.

4.2 MODEL PARAMETER LEARNING

To obtain approximated posterior P!(AM
,AV

) ↓ P(AM
,AV

| D), we learn parameters ! =

{εM
,εV

,ϑ}, and ” = {(ωM

j
,ωV

j
)
d

j=1
}, such that the Kullback Leibler (KL) divergence between

variational distribution P!(AM
,AV

) and true posterior P(AM
,AV

| D) is minimized. Since
minimizing this KL divergence is equivalent to maximizing the evidence lower bound (ELBO), we
aim to maximize the following ELBO-based objective function:

max
!,”

EAM ,AV →P!

[
log P”(D | AM

,AV
)
]
↔ ω#!,”, (8)

where log P”(D|AM
,AV

) is a log likelihood, ω ↗ 0 is a parameter for the sparsity regularizer:

#!,” = ω!KL
(
P!(U

M
,UV

) || P(UM
,UV

)
)
+ ω”M

d∑

j=1

↘ωM

j
↘
2

2
+ ω”V

d∑

j=1

↘ωV

j
↘
2

2
, (9)

where ω!,ω”M ,ω”V ↗ 0 are hyperparameters. Following DDS (Charpentier et al., 2022), we do
not put any prior on permutation matrix ! in Eq. (9) to retain tractable computation. We encourage
sparsity in the edge presence probabilities by setting prior probabilities P(UM

,UV
) to small values.

To solve the optimization problem in (8), we repeat three steps. First, we sample DAG adjacency
matrices AM and AV from P!(AM

,AV
). Then we use this single DAG sample to approximate the

expectation in Eq. (8) as the Gaussian log likelihood for observational dataset D = {x1, . . . , xn}:

log P”(D|AM
,AV

) = ↔
1

n

n∑

i=1

d∑

j=1

(
(xi,j ↔mj(xi,paM (j);ω

M

j
))

2

2(vj(xi,paV (j);ω
V

j
))2

+ logvj(xi,paV (j);ω
V

j
)

)
,

where xi,paM (j) := AM

j
↑ xi and xi,paV (j) := AV

j
↑ xi are the masked input vectors obtained from

observation xi. Finally, we perform a gradient-based update for ! and ” based on Eq. (8).

To effectively perform such a gradient-based optimization, we face two challenges.

1. Difficulty in Maximum Likelihood Estimation (MLE): Maximizing the likelihood with respect
to parameters ” is ill-posed in the sense that it can be arbitrarily increased by inflating the variance
function value rather than by reducing the residual errors (Seitzer et al., 2022). Moreover, gradient-
based optimization slows around the data points with high true variance because the gradients with
respect to mj and vj scale inversely with variance function vj(xi,paV (j);ω

V

j
) (Skafte et al., 2019).

We overcome these two issues by building on recent advances in heteroscedastic noise regression
(Stirn et al., 2023; Wong-Toi et al., 2024). To address the ill-posedness of MLE, we impose l2 regu-
larization on ”, as shown in Eq. (9). To resolve the optimization inefficiency, we alternately take two
steps. First, we update all the parameters except for the variance-related ones, i.e., ”\{(ωV

j
)
d

j=1
} and

!\εV , using the gradient of mean squared error (MSE), 1

n

∑
i,j
(xi,j↔mj(xi,paM (j);ω

M

j
))

2, which
is equivalent to scaling the standard gradient by (vj(xi,paV (j);ω

V

j
))

2. This scaling approximates a
computationally demanding second-order Newton step with an inverse Jacobian, thus enabling an
efficient, curvature-aware optimization. Second, we update variance-related parameters {(ωV

j
)
d

j=1
}

and εV using the standard gradient. Algorithm 1 summarizes the overall procedure. The total time
complexity is dominated by likelihood evaluation and is identical to Yin et al. (2024).
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these MLPs, we apply masking to X using the j-th column vectors in AM and AV , denoted by
AM

j
,AV

j
→ {0, 1}

d, leading to the following structural equation parameterization:

Xj = mj(AM

j
↑ X;ωM

j
) + vj(AV

j
↑ X;ωV

j
)Ej for j = 1, . . . , d, (7)

where ↑ denotes the Hadamard product. By assuming, without loss of generality, that noise Ej

follows a standard Gaussian distribution N (0, 1), we parameterize the conditional distribution of
Xj in (7) as multivariate Gaussian N (mj(AM

j
↑ X;ωM

j
), (vj(AV

j
↑ X;ωV

j
))

2
).

To satisfy Conditions (A) and (B) in Theorem 3.5, we formulate all MLPs in our experiments us-
ing leaky rectified linear unit (ReLU) activations, which are piecewise nonlinear and cannot be a
constant. To ensure that the variance function value is strictly positive (i.e., vj(·) > 0), we model
log vj(·) using an MLP and apply the exponential function to it as a final transformation.

4.2 MODEL PARAMETER LEARNING

To obtain approximated posterior P!(AM
,AV

) ↓ P(AM
,AV

| D), we learn parameters ! =

{εM
,εV

,ϑ}, and ” = {(ωM

j
,ωV

j
)
d

j=1
}, such that the Kullback Leibler (KL) divergence between

variational distribution P!(AM
,AV

) and true posterior P(AM
,AV

| D) is minimized. Since
minimizing this KL divergence is equivalent to maximizing the evidence lower bound (ELBO), we
aim to maximize the following ELBO-based objective function:

max
!,”

EAM ,AV →P!

[
log P”(D | AM

,AV
)
]
↔ ω#!,”, (8)

where log P”(D|AM
,AV

) is a log likelihood, ω ↗ 0 is a parameter for the sparsity regularizer:

#!,” = ω!KL
(
P!(U

M
,UV

) || P(UM
,UV

)
)
+ ω”M

d∑

j=1

↘ωM

j
↘
2

2
+ ω”V

d∑

j=1

↘ωV

j
↘
2

2
, (9)

where ω!,ω”M ,ω”V ↗ 0 are hyperparameters. Following DDS (Charpentier et al., 2022), we do
not put any prior on permutation matrix ! in Eq. (9) to retain tractable computation. We encourage
sparsity in the edge presence probabilities by setting prior probabilities P(UM

,UV
) to small values.

To solve the optimization problem in (8), we repeat three steps. First, we sample DAG adjacency
matrices AM and AV from P!(AM

,AV
). Then we use this single DAG sample to approximate the

expectation in Eq. (8) as the Gaussian log likelihood for observational dataset D = {x1, . . . , xn}:

log P”(D|AM
,AV

) = ↔
1

n

n∑

i=1

d∑

j=1

(
(xi,j ↔mj(xi,paM (j);ω

M

j
))

2

2(vj(xi,paV (j);ω
V

j
))2

+ logvj(xi,paV (j);ω
V

j
)

)
,

where xi,paM (j) := AM

j
↑ xi and xi,paV (j) := AV

j
↑ xi are the masked input vectors obtained from

observation xi. Finally, we perform a gradient-based update for ! and ” based on Eq. (8).

To effectively perform such a gradient-based optimization, we face two challenges.

1. Difficulty in Maximum Likelihood Estimation (MLE): Maximizing the likelihood with respect
to parameters ” is ill-posed in the sense that it can be arbitrarily increased by inflating the variance
function value rather than by reducing the residual errors (Seitzer et al., 2022). Moreover, gradient-
based optimization slows around the data points with high true variance because the gradients with
respect to mj and vj scale inversely with variance function vj(xi,paV (j);ω

V

j
) (Skafte et al., 2019).

We overcome these two issues by building on recent advances in heteroscedastic noise regression
(Stirn et al., 2023; Wong-Toi et al., 2024). To address the ill-posedness of MLE, we impose l2 regu-
larization on ”, as shown in Eq. (9). To resolve the optimization inefficiency, we alternately take two
steps. First, we update all the parameters except for the variance-related ones, i.e., ”\{(ωV

j
)
d

j=1
} and

!\εV , using the gradient of mean squared error (MSE), 1

n

∑
i,j
(xi,j↔mj(xi,paM (j);ω

M

j
))

2, which
is equivalent to scaling the standard gradient by (vj(xi,paV (j);ω

V

j
))

2. This scaling approximates a
computationally demanding second-order Newton step with an inverse Jacobian, thus enabling an
efficient, curvature-aware optimization. Second, we update variance-related parameters {(ωV

j
)
d

j=1
}

and εV using the standard gradient. Algorithm 1 summarizes the overall procedure. The total time
complexity is dominated by likelihood evaluation and is identical to Yin et al. (2024).
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Algorithm 1 Parameter Learning for Mean and Variance Causal Graphs
Require: Observational dataset D = {x1, . . . , xn}; parameters !,”; node-ordering constraints O

1: Initialize all parameters ! = {ωM
,ωV

,ε} and ” = {(ϑM

j
,ϑV

j
)
d

j=1
}

2: while Stopping criterion not met do
3: while Updates for parameters ” \ {(ϑV

j
)
d

j=1
} and ! \ {ωV

} not converged do
4: Sample mean and variance DAGs AM

,AV
→ P!(AM

,AV
)

5: Compute ELBO-based objective function in Eq. (8)
6: Update parameters ” \ {(ϑV

j
)
d

j=1
} and ! \ {ωV

} using scaled gradient
7: if node-ordering constraints O are provided then
8: Project updated parameters ε onto the feasible set by Eq. (11)
9: end if

10: end while
11: while Updates for variance-related parameters {(ϑV

j
)
d

j=1
} and {ωV

} not converged do
12: Sample mean and variance DAGs AM

,AV
→ P!(AM

,AV
)

13: Compute ELBO-based objective function in Eq. (8)
14: Update variance-related parameters {(ϑV

j
)
d

j=1
} and {ωV

} using standard gradient
15: end while
16: end while
17: return Learned parameters ! and ”

2. Large Parameter Search Space: Fitting our DAG distribution model parameter ! for the two
causal DAGs is challenging because it is inevitably more high-dimensional than the existing models
for a single (moment-agnostic) causal DAG. Although we effectively reduce the number of pa-
rameters by sharing permutation distribution parameter ε ↑ ! (Section 4.1.1), its estimation might
remain difficult under small sample-size scenarios. To tackle this challenge, we develop an approach
that reduces the search space of ε by incorporating prior knowledge about the node orderings.

4.3 PRIOR KNOWLEDGE INCORPORATION

Incorporating domain knowledge about the ground-truth graph has been a key strategy for addressing
small-sample setups (Niinimäki et al., 2016; Oyen et al., 2017; Li and Beek, 2018; Hasan and Gani,
2022). In this work, we focus on pairwise node-ordering knowledge—for example, knowing that
Xi is an upstream regulator of gene Xj—which is often available in practice (Ban et al., 2024).

Suppose that we have access to a set of pairwise node-ordering constraints O = {ω(i) < ω(j) |

(i, j) ↓ S} for a set of variable index pairs S ↔ {(i, j) | i, j ↓ {1, . . . , d}}, where ω(i) < ω(j)

denotes a pairwise node-ordering constraint that variable Xi precedes Xj in permutation ω.

Then we can easily incorporate such node-ordering constraints, thanks to the sorting-based sampling
scheme in (6). Since this scheme samples the continuous relaxation of the permutation matrix
by computing a sorting order for parameter vector ε ↓ Rd, we can impose the node-ordering
constraints in O by forcing the parameter values to satisfy the following inequality constraint set:

I(ε) = {εi + ci,j ↗ εj | (i, j) ↓ S}, (10)
where ci,j > 0 is a hyperparameter that ensures εi < εj . To satisfy these constraints, we project
the updated parameter values ε→ onto the feasible set by solving the constrained least squares:

εnew = arg min
ω↑I(ω)

↘ϖ≃ε→
↘
2

2
, (11)

which can be efficiently solved with a quadratic programming (QP) solver. The constraints in (11)
are soft constraints, since they might not hold in sampled permutations due to the perturbation by
Gumbel noise in Eq. (6). Hyperparameter ci,j strikes a trade-off between the robustness to this noise
and possible parameter values; we set ci,j = 1.5 for all i, j ↓ {1, . . . , d} in our experiments.

5 EXPERIMENTS

Baselines: We compare our method with four baselines. (i) Two Bayesian methods based on ANM
likelihoods: Metropolis-coupled Markov chain Monte Carlo (MC3) (Giudici and Castelo, 2003),
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Algorithm 1 Parameter Learning for Mean and Variance Causal Graphs
Require: Observational dataset D = {x1, . . . , xn}; parameters !,”; node-ordering constraints O

1: Initialize all parameters ! = {ωM
,ωV

,ε} and ” = {(ϑM

j
,ϑV

j
)
d

j=1
}

2: while Stopping criterion not met do
3: while Updates for parameters ” \ {(ϑV

j
)
d

j=1
} and ! \ {ωV

} not converged do
4: Sample mean and variance DAGs AM

,AV
→ P!(AM

,AV
)

5: Compute ELBO-based objective function in Eq. (8)
6: Update parameters ” \ {(ϑV

j
)
d

j=1
} and ! \ {ωV

} using scaled gradient
7: if node-ordering constraints O are provided then
8: Project updated parameters ε onto the feasible set by Eq. (11)
9: end if

10: end while
11: while Updates for variance-related parameters {(ϑV

j
)
d

j=1
} and {ωV

} not converged do
12: Sample mean and variance DAGs AM

,AV
→ P!(AM

,AV
)

13: Compute ELBO-based objective function in Eq. (8)
14: Update variance-related parameters {(ϑV

j
)
d

j=1
} and {ωV

} using standard gradient
15: end while
16: end while
17: return Learned parameters ! and ”

2. Large Parameter Search Space: Fitting our DAG distribution model parameter ! for the two
causal DAGs is challenging because it is inevitably more high-dimensional than the existing models
for a single (moment-agnostic) causal DAG. Although we effectively reduce the number of pa-
rameters by sharing permutation distribution parameter ε ↑ ! (Section 4.1.1), its estimation might
remain difficult under small sample-size scenarios. To tackle this challenge, we develop an approach
that reduces the search space of ε by incorporating prior knowledge about the node orderings.

4.3 PRIOR KNOWLEDGE INCORPORATION

Incorporating domain knowledge about the ground-truth graph has been a key strategy for addressing
small-sample setups (Niinimäki et al., 2016; Oyen et al., 2017; Li and Beek, 2018; Hasan and Gani,
2022). In this work, we focus on pairwise node-ordering knowledge—for example, knowing that
Xi is an upstream regulator of gene Xj—which is often available in practice (Ban et al., 2024).

Suppose that we have access to a set of pairwise node-ordering constraints O = {ω(i) < ω(j) |

(i, j) ↓ S} for a set of variable index pairs S ↔ {(i, j) | i, j ↓ {1, . . . , d}}, where ω(i) < ω(j)

denotes a pairwise node-ordering constraint that variable Xi precedes Xj in permutation ω.

Then we can easily incorporate such node-ordering constraints, thanks to the sorting-based sampling
scheme in (6). Since this scheme samples the continuous relaxation of the permutation matrix
by computing a sorting order for parameter vector ε ↓ Rd, we can impose the node-ordering
constraints in O by forcing the parameter values to satisfy the following inequality constraint set:

I(ε) = {εi + ci,j ↗ εj | (i, j) ↓ S}, (10)
where ci,j > 0 is a hyperparameter that ensures εi < εj . To satisfy these constraints, we project
the updated parameter values ε→ onto the feasible set by solving the constrained least squares:

εnew = arg min
ω↑I(ω)

↘ϖ≃ε→
↘
2

2
, (11)

which can be efficiently solved with a quadratic programming (QP) solver. The constraints in (11)
are soft constraints, since they might not hold in sampled permutations due to the perturbation by
Gumbel noise in Eq. (6). Hyperparameter ci,j strikes a trade-off between the robustness to this noise
and possible parameter values; we set ci,j = 1.5 for all i, j ↓ {1, . . . , d} in our experiments.

5 EXPERIMENTS

Baselines: We compare our method with four baselines. (i) Two Bayesian methods based on ANM
likelihoods: Metropolis-coupled Markov chain Monte Carlo (MC3) (Giudici and Castelo, 2003),
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ABSTRACT

This paper proposes a Bayesian causal discovery approach to uncover the causal
mechanisms underlying heteroscedasticity, where the variance of one variable is
influenced by the values of the others. To distinguish between the causes that
affect the mean and those that influence the variance, we infer the posterior distri-
bution over mean and variance causal graphs, whose structures can be different,
depending on the moment information. We establish identifiability conditions
for these causal graphs by extending the results on heteroscedastic noise models
(HNMs). Building on these conditions, we develop a variational inference frame-
work that can incorporate prior knowledge about the node orderings of the under-
lying graphs. We experimentally show that our method can successfully infer both
mean and variance causal graphs, outperforming the state-of-the-art baselines.

1 INTRODUCTION

Many scientists are actively striving to uncover the causal mechanisms that govern complex real-
world phenomena. Causal discovery contributes to this goal by inferring cause-effect relation-
ships between variables as a causal graph, whose edge represents that one variable changes an-
other variable values. However, such edges do not specify which statistical moments are affected
by each cause, thereby limiting interpretability in complex systems that exhibit heteroscedas-

ticity, where different causes may influence the (conditional) mean and variance of a variable.

(a) (b)

Figure 1: (a) Moment-agnostic causal graph and (b)
mean and variance causal graphs (red and blue).

Motivating Example: Consider a drug en-
gineer who refines a compound to achieve
more consistent therapeutic effects by re-
ducing variability in a target protein’s activ-
ity across individuals (Michoel and Zhang,
2023). By inferring the subgraph of under-
lying causal structure shown in Figure 1 (a),
the engineer selects protein X1 as the down-
stream target and plans to intervene on its
causes, X2, . . . , X6, which are pharmacolog-
ically manipulatable regulators. However,
this standard causal graph is unsatisfactory: Although it narrows down the candidate causes of X1,
it does not reveal which causes influence X1’s variance, since such a moment-agnostic causal graph
does not distinguish the causes that affect the mean and those that influence the variance. By con-
trast, if the engineer could obtain mean and variance causal graphs, which make such distinctions
as shown in Figure 1 (b), they could design experiments by first focusing on achieving the desired
mean of X1 and subsequently varying the interventions on X5 and X6 to reduce X1’s variance while
preserving its mean. This targeted strategy would greatly facilitate the drug design process.

Beyond this example, the three real-world domains highlight the importance of identifying and
controlling the drivers of heteroscedasticity, i.e., causes that affect the (conditional) variance of
variables. First, in systems biology, whereas most molecules mainly shift mean expression, certain
factors (e.g., stress-response proteins) modulate variance (Guilbert et al., 2020; Boopathy et al.,
2022); detecting such modulators deepens our understanding of the regulatory basis of cell-to-cell
variability (Daye et al., 2012; Oyarzun et al., 2015). Second, in economics, it is of great interest to
stabilize key economic outcomes by controlling their cross-sectional variance (Braumoeller, 2006).
Third, in algorithmic fairness, the goal is to achieve equitable outcomes (e.g., in hiring, lending) with

1

Standard causal graph Mean/Variance causal graphs
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Table 2: Moment-agnostic graph inference performance on Sachs dataset. → and ↑ denote "lower is better" and "higher is better".

𝐿 = 100 𝐿 = 200 𝐿 = 853
SHD (→) F1 (↑) SHD (→) F1 (↑) SHD (→) F1 (↑)

MC3 22.6 ± 1.1 0.19 ± 0.04 20.3 ± 1.3 0.20 ± 0.07 18.9 ± 0.7 0.14 ± 0.05
DDS 17.6 ± 0.7 0.20 ± 0.03 16.6 ± 0.6 0.20 ± 0.02 15.0 ± 0.7 0.28 ± 0.02
ICDH 20.0 ± 1.0 0.21 ± 0.01 17.5 ± 0.5 0.22 ± 0.01 14.5 ± 0.5 0.27 ± 0.03
HOST 16.1 ± 0.5 0.19 ± 0.01 15.0 ± 0.3 0.33 ± 0.02 13.5 ± 0.8 0.38 ± 0.03
P!"#"$%& 16.0 ± 0.3 0.20 ± 0.02 14.9 ± 0.4 0.31 ± 0.02 13.7 ± 0.5 0.36 ± 0.02

P!"#"$%& +25% 14.9 ± 0.4 0.34 ± 0.03 14.8 ± 0.5 0.35 ± 0.02 13.4 ± 0.4 0.37 ± 0.02
P!"#"$%& +50% 13.2 ± 0.5 0.36 ± 0.02 13.2 ± 0.3 0.36 ± 0.02 13.1 ± 0.2 0.45 ± 0.03

Table 3: Run time on Sachs dataset (𝐿 = 853). Our P!"#"$%&
needs about twice the run time of DDS due to two-graph
inference and can use prior knowledge with small overhead.

R’( )*+% [$%,]

DDS 367 ± 11
P!"#"$%& 733 ± 19

P!"#"$%& +25% 852 ± 38
P!"#"$%& +50% 1260 ± 51

Table 4: Estimated posterior probability of MEK↓ ERK in
inferred variance causal graph structure

𝐿 = 100 𝐿 = 200 𝐿 = 853

P!"#"$%& 0.585 ± 0.009 0.592 ± 0.008 0.620 ± 0.019

5.2.1 Moment-Agnostic Graph Inference. Because reliable ground
truth for the mean and variance graph structures is unavailable,
for a rigorous comparison we evaluate graph-level inference per-
formance only on moment-agnostic graphs.

Table 2 presents the results. Although our method learns addi-
tional parameters for inferring two separate graphs, it achieves
comparable performance to the state-of-the-art HOST method.

When it leverages randomly selected 25% and 50% of pairwise
node orderings, the performance improves with an increase in their
number, especially for small sample-size setups (𝐿 = 100 and 200),
underscoring its practical utility under data scarcity.

Notably, our run time comparison results presented in Table 3
show that such performance gain of our prior knowledge incorpo-
ration approach comes with only a modest increase in run time,
demonstrating its computational e!ciency. This computational
overhead could be further reduced by employing more e!cient QP
solvers for solving the constrained least squares in Eq. (12).

5.2.2 Case Study: Variance Edge Detection. Using the Sachs dataset,
we conduct a case study to assess our method’s ability to identify
the origin of heteroscedasticity in protein signaling network. This
heteroscedasticity is well documented in the literature [14, 22, 34]

and is statistically signi"cant in the Sachs dataset (𝑀 < 0.0096when
performing the White test with random forest regression).

Guided by prior biological evidence [22], we hypothesize that the
MEK ↓ ERK edge in the ground-truth protein regulatory network
represents a causal relationship at the variance level, and we assess
whether our method can identify this edge.

Table 4 presents the mean and standard deviation of the esti-
mated posterior probability of the MEK ↓ ERK edge across 20
runs (with di#erent random seeds). Consistent with biological ev-
idence, the estimated posterior probabilities remain consistently
high even in low-sample regimes (𝐿 = 100 and 200), implying that
our Bayesian framework successfully predicts the edge presence
with high certainty by detecting the underlying heteroscedasticity.
These results underscore the e#ectiveness of our Bayesian, moment-
driven approach in discovering the drivers of heteroscedasticity
under data scarcity settings in practical real-world applications.

6 Related Work
6.1 HNM-based Causal Discovery
HNMs are of growing interest as a $exible model that addresses het-
eroscedasticity in complex real-world data. Early work has shown
bivariate identi"ability [37, 68], which is extended to multivariate
settings [61, 69]. Building on their identi"ability results, likelihood-
based methods [31, 38, 64, 69] and independence-test-based meth-
ods [20, 31, 43] have been proposed for the point estimation of the
causal graph. Our work di#ers in two key aspects. (i) Our inference
targets are mean and variance causal graphs, whose de"nition and
identi"ability are presented in Section 3. (ii) Unlike existing point
estimation methods, we develop a Bayesian approach that infers
the posterior distribution over causal graphs (Section 4), which
enables Monte Carlo approximation of posterior probabilities for
structural features, such as the presence of an edge, a path, or a
subgraph [23]. As demonstrated in our case study (Section 5.2.2),
such uncertainty quanti"cation is crucial for knowledge discovery.

6.2 Bayesian Causal Discovery
Bayesian causal discovery provides a principled way to quantify the
inference uncertainty of causal graph structures from "nite data.
Existing approaches have addressed two inference targets [44]. The
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Figure 2: Mean and variance causal graph inference performance on synthetic and SERGIO datasets with sample size 𝐿 = 500.
Achieving both lower SHD rate (left) and higher F1 score (right) is better.

Figure 3: Mean and variance causal graph inference perfor-
mance on synthetic datasets (𝐿 = 500) under dense graphs

where 𝑀𝐿, 𝑀 > 0 is a hyperparameter that ensures𝑁𝐿 < 𝑁 𝑀 . To satisfy
these constraints, we project the updated parameter values 𝜴→ onto
the feasible set by solving the constrained least squares:

𝜴new = arg min
𝜴↑I(𝜴 )

↓𝜶 ↔ 𝜴→
↓
2
2, (12)

which can be e!ciently solved with a quadratic programming (QP)
solver. The constraints in (12) are soft constraints, since they might
not hold in sampled permutations due to the perturbation by Gum-
bel noise in Eq. (7). Hyperparameter 𝑀𝐿, 𝑀 strikes a trade-o" between
the robustness to this noise and possible parameter values; we set
𝑀𝐿, 𝑀 = 1.5 for all 𝑂, 𝑃 ↑ {1, . . . ,𝑄} in our experiments.

5 Experiments
Baselines:We compare our method with four baselines. (i) Two
Bayesian methods based on ANM likelihoods: Metropolis-coupled
Markov chain Monte Carlo (MC3) [25], a traditional posterior-
sampling approach using linear-Gaussian models; and a variational
inference method, DDS [7]. (ii) Two point-estimation methods
based on HNM likelihoods, identi#able causal discovery under het-
eroscedastic data (ICDH) [69] and heteroscedastic causal structure
learning (HOST) [20]. Following Yin et al. [69], we exclude VarSort
[54], as its performance is highly unstable under heteroscedastic
noise, due to the reliance on marginal variances.

To make a fair comparison, we test both moment-speci#c and
moment-agnostic graph inference performance of all methods, mir-
roring the spirit of Yin et al. [69], who evaluated their HNM-based
method ICDH on both ANM and HNM datasets.

5.1 Simulated Data Experiments
We evaluate our method on synthetic and semi-synthetic datasets.

5.1.1 Mean and Variance Graph Inference. Data andCausalGraphs:
We sample synthetic datasets from mean-variance HNMs, where
both the mean and variance functions are modeled by MLPs with
randomly initialized parameters. We randomly draw ground-truth
mean and variance causal graphs from the Erd$s–Rényi (ER) mod-
els, where the expected number of edges per node is set to 1 or 2
(sparse graphs; 1 for cases with 𝑄 = 5) or 4 (dense graphs). We also
use semi-synthetic datasets generated from SERGIO [18], a gene
expression simulator that produces realistic single-cell transcrip-
tomic data using the parameters tuned to real data. Their ground
truth causal graphs are sampled from the scale-free (SF) models.

Evaluation Metrics: We use the structural Hamming distance
(SHD) and F1 score. We report the mean and standard deviation
(SD) over 20 randomly generated datasets.

Performance under Sparse Graphs: Figure 2 presents the SHD
rate (i.e., the SHD divided by its maximum possible value, SHD/

(𝑁
2
)
)

and the F1 score. Our method outperforms all baselines on both
synthetic and semi-synthetic datasets, thereby demonstrating its
e"ectiveness for moment-driven causal discovery.
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We de!ne themean and variance causal graphs based on parental
variables Xpa𝐿 ( 𝐿 ) and Xpa𝑀 ( 𝐿 ) : Mean causal graph 𝐿𝑀 has edge
𝑀𝑁 → 𝑀 𝐿 if and only if𝑀𝑁 ↑ Xpa𝐿 ( 𝐿 ) , and variance causal graph𝐿𝑂

contains edge 𝑀𝑁 → 𝑀 𝐿 if and only if 𝑀𝑁 ↑ Xpa𝑀 ( 𝐿 ) . We de!ne their
adjacency matrices A𝑀 ,A𝑂

↑ {0, 1}𝑃↓𝑃 by 𝑁𝑀
𝑁, 𝐿 = 1 if 𝑀𝑁 → 𝑀 𝐿 in

𝐿𝑀 ; otherwise, 𝑁𝑀
𝑁, 𝐿 = 0; A𝑂 is de!ned similarly. We also introduce

moment-agnostic causal graph 𝐿 , whose adjacency matrix A ↑

{0, 1}𝑃↓𝑃 is given by taking the logical OR as 𝑁𝑁, 𝐿 = 𝑁𝑀
𝑁, 𝐿 ↔𝑁𝑂𝑁, 𝐿 .

Remark 3.1 (Connection to Existing SCM classes). A mean-
variance HNM in Eq. (2) is a generalization of the HNM [68], which
expresses the variable values with a moment-agnostic causal graph:

𝑀 𝐿 =𝑂 𝐿 (Xpa( 𝐿 ) ) + 𝑃 𝐿 (Xpa( 𝐿 ) )𝑄 𝐿 for 𝑅 = 1, . . . ,𝑆 . (3)

An HNM is an extension of additive noise models (ANMs) [29, 58],
which assume homoscedasticity with constant variance function
𝑃 𝐿 (·) in (3). Both ANMs and HNMs assume additive noise structure
and hence cannot address data distortion (e.g., log transform) unlike
post-nonlinear models (PNLs) [70]. However, unlike PNLs, HNMs
can capture heteroscedasticity, which is pervasive in complex real-
world data, such as gene expression data [32].

The mean-variance HNM has the same expressive power as
the original HNM. When the input sets are identical (Xpa𝐿 ( 𝐿 ) =
Xpa𝑀 ( 𝐿 ) = Xpa( 𝐿 ) ), our mean-variance HNM reduces to the orig-
inal HNM. Conversely, any instance of a mean-variance HNM
can be rewritten as the original HNM via input masking: The
mean and variance functions in the former can be reformulated as
𝑂 𝐿 (Spa𝐿 ( 𝐿 ) (Xpa( 𝐿 ) )) and 𝑃 𝐿 (Spa𝑀 ( 𝐿 ) (Xpa( 𝐿 ) )), where SI : Xpa( 𝐿 )
→ XI is a masking function that selects the variables indexed by
I ↗ {1, . . . ,𝑆} from parents Xpa( 𝐿 ) in moment-agnostic graph 𝐿 .
Thus, two HNMs express the same class of functions.

Such functional equivalence between two HNMs implies that,
to identify mean and variance causal graphs 𝐿𝑀 and 𝐿𝑂 , we must
identify not only the moment-agnostic causal graph𝐿 of the origi-
nal HNM but also the variable selection mechanism for𝐿𝑀 and𝐿𝑂 .
Based on this implication, we derive the identi!ability conditions
by building on the existing results for the original HNM [37, 69].

3.2 Identi!ability Results
Our results rely on four assumptions. The !rst two coincide with
those for the original HNM [69]:
Assumption 3.1 (Causal su"ciency): Exogenous noises satisfy𝑄𝑁 ↘↘𝑄 𝐿
for any 𝑇, 𝑅 ↑ {1, . . . ,𝑆}.

Assumption 3.2 (Causal minimality): P(X) satis!es the causal min-
imality condition with respect to moment-agnostic causal graph 𝐿 .

The last two ensure the acyclicity of moment-agnostic graph𝐿 :
Assumption 3.3: Mean and variance graphs𝐿𝑀 and𝐿𝑂 are directed
acyclic graphs (DAGs).

Assumption 3.4 (Shared permutation condition): There exists an
identical permutation (a.k.a., topological ordering) of mean and vari-
ance causal graphs 𝐿𝑀 and 𝐿𝑂 .

Permutation 𝑈 : {1, . . . ,𝑆} → {1, . . . ,𝑆} is a node ordering such
that no node has a directed path to any node that precedes it in the

order; that is, if 𝑈 (𝑇) < 𝑈 ( 𝑅), then𝑀 𝐿 cannot have a directed path to
𝑀𝑁 . It is not unique because a DAG admits multiple permutations.

For example, Assumptions 3.3 and 3.4 indicate that if mean graph
𝐿𝑀 contains 𝑀𝑁 → 𝑀 𝐿 , then variance graph 𝐿𝑂 cannot have the
reverse edge𝑀𝑁 ≃ 𝑀 𝐿 and must either (i) also include𝑀𝑁 → 𝑀 𝐿 or (i
i) contain no edge, implying that the structural di#erences between
𝐿𝑀 and 𝐿𝑂 lie in the presence or absence of each edge.

Thus, Assumptions 3.3 and 3.4 ensure that the union of 𝐿𝑀

and 𝐿𝑂 (i.e., moment-agnostic graph 𝐿) is a DAG. Since there
are no identi!ability results for cyclic HNMs [61, 69], this DAG
condition (and hence Assumptions 3.3 and 3.4) follows a standard
identi!ability route in the HNM literature.

Based on these assumptions, we derive the su"cient (but not
necessary) identi!ability conditions for 𝐿𝑀 and 𝐿𝑂 :
Theorem 3.5: Under Assumptions 3.1, 3.2, 3.3, and 3.4, mean and
variance causal graphs 𝐿𝑀 and 𝐿𝑂 are identi!able from observa-
tional distribution P(X) if for 𝑅 = 1, . . . ,𝑆 , (A) 𝑂 𝐿 is a nonlinear
function, (B) 𝑃 𝐿 is a piecewise function, but not a constant func-
tion, and (C) 𝑄 𝐿 is a Gaussian noise.

P!""# $%&’(). Our proof takes two steps. First, we show that
Conditions (A), (B), and (C) ensure identi!ability of the moment-
agnostic causal graph𝐿 for our mean-variance HNM.We prove that
these conditions are su"cient to rule out the unidenti!able cases
(e.g.,𝑂 𝐿 is linear or 𝑃 𝐿 is the inverse of a two-order polynomial),
which are established by Khemakhem et al. [37] for the original
HNM but apply to our mean-variance HNM under Assumptions 3.3
and 3.4 (Appendix A.1). Second, for 𝑅 ↑ {1, . . . ,𝑆}, we prove that
the parent set Xpa( 𝐿 ) in𝐿 can be decomposed into subsets Xpa𝐿 ( 𝐿 )
andXpa𝑀 ( 𝐿 ) under Gaussian noise 𝑄 𝐿 by showing that P(X) cannot
coincide under di#erent choices of Xpa𝐿 ( 𝐿 ) and Xpa𝑀 ( 𝐿 ) , due to
the non-constancy of𝑂 𝐿 and 𝑃 𝐿 (Appendix A.2). ⊋

Our conditions in Theorem 3.5 are explicitly stated in terms of
the forms of functions𝑂 𝐿 and 𝑃 𝐿 and the distribution of noise 𝑄 𝐿 ,
which can be easily enforced via likelihood modeling (Section 4.1)
to ensure the model remains within an identi!able class.

Remark 3.6 (Role of Gaussianity). Gaussian noise condition (C)
is crucial to enablemoment-based separation of causes. Even
with non-Gaussian noise 𝑄 𝐿 , the causes Xpa𝑀 ( 𝐿 ) in graph 𝐿𝑂 (in
Eq. (2)) are guaranteed not to a#ect the mean of 𝑀 𝐿 , but they may
in$uence not only variance but also its higher-order moments (e.g.,
skewness, kurtosis). For moment-agnostic graph inference, the
Gaussian condition is standard, as existing HNM-based methods
cannot handle multivariate non-Gaussian HNMs [20, 31, 38, 61, 64,
69]. See Figure 4 for the results on non-Gaussian synthetic datasets.

Remark 3.7 (Non-constancy). Compared with Yin et al. [69], our
non-constancy Condition (B) on variance function 𝑃 𝐿 is stronger.
However, excluding constant functions is standard for the identi-
!ability, as done for ANMs [53, Proposition 17]. In our setup, it is
crucial to distinguish the causes based on the mean and variance.

4 Proposed Method
4.1 Model Formulations
We develop a Bayesian approach for inferring the posterior distribu-
tion over adjacency matrices A𝑀 and A𝑂 of the mean and variance
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We de!ne themean and variance causal graphs based on parental
variables Xpa𝐿 ( 𝐿 ) and Xpa𝑀 ( 𝐿 ) : Mean causal graph 𝐿𝑀 has edge
𝑀𝑁 → 𝑀 𝐿 if and only if𝑀𝑁 ↑ Xpa𝐿 ( 𝐿 ) , and variance causal graph𝐿𝑂

contains edge 𝑀𝑁 → 𝑀 𝐿 if and only if 𝑀𝑁 ↑ Xpa𝑀 ( 𝐿 ) . We de!ne their
adjacency matrices A𝑀 ,A𝑂

↑ {0, 1}𝑃↓𝑃 by 𝑁𝑀
𝑁, 𝐿 = 1 if 𝑀𝑁 → 𝑀 𝐿 in

𝐿𝑀 ; otherwise, 𝑁𝑀
𝑁, 𝐿 = 0; A𝑂 is de!ned similarly. We also introduce

moment-agnostic causal graph 𝐿 , whose adjacency matrix A ↑

{0, 1}𝑃↓𝑃 is given by taking the logical OR as 𝑁𝑁, 𝐿 = 𝑁𝑀
𝑁, 𝐿 ↔𝑁𝑂𝑁, 𝐿 .

Remark 3.1 (Connection to Existing SCM classes). A mean-
variance HNM in Eq. (2) is a generalization of the HNM [68], which
expresses the variable values with a moment-agnostic causal graph:

𝑀 𝐿 =𝑂 𝐿 (Xpa( 𝐿 ) ) + 𝑃 𝐿 (Xpa( 𝐿 ) )𝑄 𝐿 for 𝑅 = 1, . . . ,𝑆 . (3)

An HNM is an extension of additive noise models (ANMs) [29, 58],
which assume homoscedasticity with constant variance function
𝑃 𝐿 (·) in (3). Both ANMs and HNMs assume additive noise structure
and hence cannot address data distortion (e.g., log transform) unlike
post-nonlinear models (PNLs) [70]. However, unlike PNLs, HNMs
can capture heteroscedasticity, which is pervasive in complex real-
world data, such as gene expression data [32].

The mean-variance HNM has the same expressive power as
the original HNM. When the input sets are identical (Xpa𝐿 ( 𝐿 ) =
Xpa𝑀 ( 𝐿 ) = Xpa( 𝐿 ) ), our mean-variance HNM reduces to the orig-
inal HNM. Conversely, any instance of a mean-variance HNM
can be rewritten as the original HNM via input masking: The
mean and variance functions in the former can be reformulated as
𝑂 𝐿 (Spa𝐿 ( 𝐿 ) (Xpa( 𝐿 ) )) and 𝑃 𝐿 (Spa𝑀 ( 𝐿 ) (Xpa( 𝐿 ) )), where SI : Xpa( 𝐿 )
→ XI is a masking function that selects the variables indexed by
I ↗ {1, . . . ,𝑆} from parents Xpa( 𝐿 ) in moment-agnostic graph 𝐿 .
Thus, two HNMs express the same class of functions.

Such functional equivalence between two HNMs implies that,
to identify mean and variance causal graphs 𝐿𝑀 and 𝐿𝑂 , we must
identify not only the moment-agnostic causal graph𝐿 of the origi-
nal HNM but also the variable selection mechanism for𝐿𝑀 and𝐿𝑂 .
Based on this implication, we derive the identi!ability conditions
by building on the existing results for the original HNM [37, 69].

3.2 Identi!ability Results
Our results rely on four assumptions. The !rst two coincide with
those for the original HNM [69]:
Assumption 3.1 (Causal su"ciency): Exogenous noises satisfy𝑄𝑁 ↘↘𝑄 𝐿
for any 𝑇, 𝑅 ↑ {1, . . . ,𝑆}.

Assumption 3.2 (Causal minimality): P(X) satis!es the causal min-
imality condition with respect to moment-agnostic causal graph 𝐿 .

The last two ensure the acyclicity of moment-agnostic graph𝐿 :
Assumption 3.3: Mean and variance graphs𝐿𝑀 and𝐿𝑂 are directed
acyclic graphs (DAGs).

Assumption 3.4 (Shared permutation condition): There exists an
identical permutation (a.k.a., topological ordering) of mean and vari-
ance causal graphs 𝐿𝑀 and 𝐿𝑂 .

Permutation 𝑈 : {1, . . . ,𝑆} → {1, . . . ,𝑆} is a node ordering such
that no node has a directed path to any node that precedes it in the

order; that is, if 𝑈 (𝑇) < 𝑈 ( 𝑅), then𝑀 𝐿 cannot have a directed path to
𝑀𝑁 . It is not unique because a DAG admits multiple permutations.

For example, Assumptions 3.3 and 3.4 indicate that if mean graph
𝐿𝑀 contains 𝑀𝑁 → 𝑀 𝐿 , then variance graph 𝐿𝑂 cannot have the
reverse edge𝑀𝑁 ≃ 𝑀 𝐿 and must either (i) also include𝑀𝑁 → 𝑀 𝐿 or (i
i) contain no edge, implying that the structural di#erences between
𝐿𝑀 and 𝐿𝑂 lie in the presence or absence of each edge.

Thus, Assumptions 3.3 and 3.4 ensure that the union of 𝐿𝑀

and 𝐿𝑂 (i.e., moment-agnostic graph 𝐿) is a DAG. Since there
are no identi!ability results for cyclic HNMs [61, 69], this DAG
condition (and hence Assumptions 3.3 and 3.4) follows a standard
identi!ability route in the HNM literature.

Based on these assumptions, we derive the su"cient (but not
necessary) identi!ability conditions for 𝐿𝑀 and 𝐿𝑂 :
Theorem 3.5: Under Assumptions 3.1, 3.2, 3.3, and 3.4, mean and
variance causal graphs 𝐿𝑀 and 𝐿𝑂 are identi!able from observa-
tional distribution P(X) if for 𝑅 = 1, . . . ,𝑆 , (A) 𝑂 𝐿 is a nonlinear
function, (B) 𝑃 𝐿 is a piecewise function, but not a constant func-
tion, and (C) 𝑄 𝐿 is a Gaussian noise.

P!""# $%&’(). Our proof takes two steps. First, we show that
Conditions (A), (B), and (C) ensure identi!ability of the moment-
agnostic causal graph𝐿 for our mean-variance HNM.We prove that
these conditions are su"cient to rule out the unidenti!able cases
(e.g.,𝑂 𝐿 is linear or 𝑃 𝐿 is the inverse of a two-order polynomial),
which are established by Khemakhem et al. [37] for the original
HNM but apply to our mean-variance HNM under Assumptions 3.3
and 3.4 (Appendix A.1). Second, for 𝑅 ↑ {1, . . . ,𝑆}, we prove that
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the non-constancy of𝑂 𝐿 and 𝑃 𝐿 (Appendix A.2). ⊋
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the forms of functions𝑂 𝐿 and 𝑃 𝐿 and the distribution of noise 𝑄 𝐿 ,
which can be easily enforced via likelihood modeling (Section 4.1)
to ensure the model remains within an identi!able class.

Remark 3.6 (Role of Gaussianity). Gaussian noise condition (C)
is crucial to enablemoment-based separation of causes. Even
with non-Gaussian noise 𝑄 𝐿 , the causes Xpa𝑀 ( 𝐿 ) in graph 𝐿𝑂 (in
Eq. (2)) are guaranteed not to a#ect the mean of 𝑀 𝐿 , but they may
in$uence not only variance but also its higher-order moments (e.g.,
skewness, kurtosis). For moment-agnostic graph inference, the
Gaussian condition is standard, as existing HNM-based methods
cannot handle multivariate non-Gaussian HNMs [20, 31, 38, 61, 64,
69]. See Figure 4 for the results on non-Gaussian synthetic datasets.

Remark 3.7 (Non-constancy). Compared with Yin et al. [69], our
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However, excluding constant functions is standard for the identi-
!ability, as done for ANMs [53, Proposition 17]. In our setup, it is
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