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AlgorithmicDecisions via ML Prediction

A
Gender

Q
Skill

D
Department

M
Physical 
strength

Y
Decision

Female A Science B Accept
Male B Economics B Accept

Input

(Sensitive)

Training data about individuals

!𝑌 = ℎ!(𝐴, 𝑄, 𝐷,𝑀)
Output Machine learning (ML) model

…

Prediction ML model
with parameter 𝜃
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Legal Requirements: Fairness
Toward Society Shaped by Algorithmic Decision-Making

• ML predictions must be fair with respect to sensitive attributes (e.g., race, gender)

• Discrimination is often legally assessed based on causality:

Age Promotion?

An Age Discrimination Case [U.S. Supreme Court (2009)]

Are there any causal effects?

Plaintiff must show that age was the but-for cause 
of the employment decision
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1. Achieve fairness using a cluster causal graph [Chikahara. UAI2026]

2. Latent discrimination discovery via mean and variance causal graph
discovery [Chikahara. KDD2026] (if time permits)

Today’s topics
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1. Achieve fairness using a cluster causal graph [Chikahara. UAI2026]

2. Latent discrimination discovery via mean and variance causal graph 
discovery [Chikahara. KDD2026] (if time permits)

Today’s topics
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Fair & Accurate ML Prediction
via Causal Inference

Learn model parameters 𝜃

Infer causal relations

Learn a fair & accurate ML model

prediction loss penalty for unfairness
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Figure 1: Causal graphs representing a scenario of hiring decisions: (a) DAG over X, (b) DAG over X and Ŷ, (c) CPDAG
over X, (d) cluster DAG over X, and (e) cluster CPDAG over X with independence arcs and connection/separation marks.

identification of interventional distributions for the true
cluster DAG compatible with the cluster CPDAG.

• We propose a learning framework that achieves inter-
ventional fairness by penalizing the worst-case unfair-
ness across these adjustment cluster sets. To efficiently
measure the overall discrepancy across pairs of inter-
ventional distributions, we introduce a computationally
efficient barycenter kernel maximum mean discrepancy
(MMD) that scales favorably with both the number of
sensitive attribute values and the sample size.

• Through extensive experiments on synthetic and real-
world datasets, we demonstrate that the proposed
method attains a better trade-off between fairness and
predictive accuracy than existing approaches.

2 PRELIMINARIES

2.1 PROBLEM SETUP

We consider (possibly multi-output) supervised learning. We
train a model hω with parameters ω that outputs prediction
Ŷ of decision outcome(s) Y from each individual’s features
X, including discrete-valued sensitive features A.

We seek parameters ω that achieve a good balance between
prediction accuracy and fairness with respect to sensitive
features A. Given n training instances {(xi, yi)ni=1}, our
learning problem is formulated as

min
ω

1

n

n∑

i=1

ε(yi, hω(xi)) + ϑgω(x1, . . . , xn), (1)

where ε is a loss function that measures the prediction error,
gω is a penalty function that quantifies the unfairness of
predictive model hω, and ϑ → 0 is a hyperparameter.

We formulate penalty function gω based on the notion of
interventional fairness [Salimi et al., 2019], which is defined
using structural causal models (SCMs) [Pearl, 2009].

2.2 FAIRNESS VIA LENS OF CAUSALITY

Consider a scenario of making hiring decisions for phys-
ically demanding jobs [Chikahara et al., 2023]. We pre-
dict Ŷ = [Ŷ1] from each applicant’s features X =

{A,Xad,D,E}: gender and nationality A = [A1, A2] (sen-
sitive features), physical test scores Xad

= [Xad
1 , Xad

2 ],
medical test results D = [D1, D2], and educational back-
ground E = [E1]. Since the job requires physical strength,
we treat the physical test scores Xad as admissible features,
whose use in decision-making is not regarded as indirect
discrimination with respect to the sensitive features A.

When causal relationships among features X are expressed
by the causal graph in Figure 1(a), we can depict the data-
generating process of X and Ŷ as in Figure 1(b) by adding
directed edges from each feature in X to prediction Ŷ.

An SCM formalizes such data-generating process. For ex-
ample, physical test score Xad

1 is determined by the values
of its parents in the causal graph in Figure 1(b):

Xad
1 = fXad

1
(A1, D2, E1, UXad

1
), (2)

where UXad
1

is an exogenous noise, and fXad
1

is a determin-
istic function. Whereas the true forms of such deterministic
functions as fXad

1
are unknown for observed features X, the

prediction Ŷ = [Ŷ1] is given by the known function, as it is
produced by a prediction model hω:

Ŷ = hω(X,UŶ), (3)

where UŶ is an exogenous noise term corresponding to the
randomness of hω when it is a probabilistic model.

Interventional fairness is defined via an operation on an
SCM called an intervention. For instance, an intervention
do(Xad

1 = xad
1 ) modifies the data-generating process of

Xad
1 in (2) by forcing Xad

1 to take the fixed value xad
1 . Us-

ing such hypothetical modifications to the data-generating
process, interventional fairness is defined as the equality of
the interventional distributions of Ŷ under interventions on
the sensitive features A and the admissible features Xad:

Definition 2.1 (Salimi et al. [2019]). Prediction Ŷ is inter-

ventionally fair with respect to sensitive features A, if

P(Ŷ = ŷ | do(A = a), do(Xad
= xad))

=P(Ŷ = ŷ | do(A = a→), do(Xad
= xad)),

(4)

holds for all possible prediction values ŷ, for any discrete
values a, a→ of sensitive features A and for any discrete val-
ues xad of admissible features Xad.
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Learn model parameters 𝜃

Infer causal relations

Learn a fair & accurate ML model

prediction loss penalty for unfairness
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Figure 1: Causal graphs representing a scenario of hiring decisions: (a) DAG over X, (b) DAG over X and Ŷ, (c) CPDAG
over X, (d) cluster DAG over X, and (e) cluster CPDAG over X with independence arcs and connection/separation marks.

identification of interventional distributions for the true
cluster DAG compatible with the cluster CPDAG.

• We propose a learning framework that achieves inter-
ventional fairness by penalizing the worst-case unfair-
ness across these adjustment cluster sets. To efficiently
measure the overall discrepancy across pairs of inter-
ventional distributions, we introduce a computationally
efficient barycenter kernel maximum mean discrepancy
(MMD) that scales favorably with both the number of
sensitive attribute values and the sample size.

• Through extensive experiments on synthetic and real-
world datasets, we demonstrate that the proposed
method attains a better trade-off between fairness and
predictive accuracy than existing approaches.

2 PRELIMINARIES

2.1 PROBLEM SETUP

We consider (possibly multi-output) supervised learning. We
train a model hω with parameters ω that outputs prediction
Ŷ of decision outcome(s) Y from each individual’s features
X, including discrete-valued sensitive features A.

We seek parameters ω that achieve a good balance between
prediction accuracy and fairness with respect to sensitive
features A. Given n training instances {(xi, yi)ni=1}, our
learning problem is formulated as

min
ω

1

n

n∑

i=1

ε(yi, hω(xi)) + ϑgω(x1, . . . , xn), (1)

where ε is a loss function that measures the prediction error,
gω is a penalty function that quantifies the unfairness of
predictive model hω, and ϑ → 0 is a hyperparameter.

We formulate penalty function gω based on the notion of
interventional fairness [Salimi et al., 2019], which is defined
using structural causal models (SCMs) [Pearl, 2009].

2.2 FAIRNESS VIA LENS OF CAUSALITY

Consider a scenario of making hiring decisions for phys-
ically demanding jobs [Chikahara et al., 2023]. We pre-
dict Ŷ = [Ŷ1] from each applicant’s features X =

{A,Xad,D,E}: gender and nationality A = [A1, A2] (sen-
sitive features), physical test scores Xad

= [Xad
1 , Xad

2 ],
medical test results D = [D1, D2], and educational back-
ground E = [E1]. Since the job requires physical strength,
we treat the physical test scores Xad as admissible features,
whose use in decision-making is not regarded as indirect
discrimination with respect to the sensitive features A.

When causal relationships among features X are expressed
by the causal graph in Figure 1(a), we can depict the data-
generating process of X and Ŷ as in Figure 1(b) by adding
directed edges from each feature in X to prediction Ŷ.

An SCM formalizes such data-generating process. For ex-
ample, physical test score Xad

1 is determined by the values
of its parents in the causal graph in Figure 1(b):

Xad
1 = fXad

1
(A1, D2, E1, UXad

1
), (2)

where UXad
1

is an exogenous noise, and fXad
1

is a determin-
istic function. Whereas the true forms of such deterministic
functions as fXad

1
are unknown for observed features X, the

prediction Ŷ = [Ŷ1] is given by the known function, as it is
produced by a prediction model hω:

Ŷ = hω(X,UŶ), (3)

where UŶ is an exogenous noise term corresponding to the
randomness of hω when it is a probabilistic model.

Interventional fairness is defined via an operation on an
SCM called an intervention. For instance, an intervention
do(Xad

1 = xad
1 ) modifies the data-generating process of

Xad
1 in (2) by forcing Xad

1 to take the fixed value xad
1 . Us-

ing such hypothetical modifications to the data-generating
process, interventional fairness is defined as the equality of
the interventional distributions of Ŷ under interventions on
the sensitive features A and the admissible features Xad:

Definition 2.1 (Salimi et al. [2019]). Prediction Ŷ is inter-

ventionally fair with respect to sensitive features A, if

P(Ŷ = ŷ | do(A = a), do(Xad
= xad))

=P(Ŷ = ŷ | do(A = a→), do(Xad
= xad)),

(4)

holds for all possible prediction values ŷ, for any discrete
values a, a→ of sensitive features A and for any discrete val-
ues xad of admissible features Xad.

Accurately inferring a causal graph is challenging L
• We are NOT interested in the causal graph itself! 
• We just want to ensure fairness

Fair & Accurate ML Prediction
via Causal Inference
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Q: Can we ensure fairness using a cluster causal graph?

3Copyright 2024 NTT CORPORATION
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𝑴 = [𝑀!, 𝑀"], … , -𝒀 = [ /𝑌!]

Training data

User-specified cluster partition

Cluster CPDAG 
[Anand+; NeurIPS2025]

Graph within each cluster
is unknown

Conditional Independence 
(CI) tests over 

clusters of variables Some are 

und
irect

ed

Cluster CPDAG inference is much easier than variable-level one J
• Graph size is reduced, so the number of required CI tests is much smaller 



8© NTT, Inc.

Example scenario [Chikahara+; AISTATS2021, DMKD2023]: 
Hiring decisions for physically demanding jobs
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Figure 1: Causal graphs representing a scenario of hiring decisions: (a) DAG over X, (b) DAG over X and Ŷ, (c) CPDAG
over X, (d) cluster DAG over X, and (e) cluster CPDAG over X with independence arcs and connection/separation marks.

identification of interventional distributions for the true
cluster DAG compatible with the cluster CPDAG.

• We propose a learning framework that achieves inter-
ventional fairness by penalizing the worst-case unfair-
ness across these adjustment cluster sets. To efficiently
measure the overall discrepancy across pairs of inter-
ventional distributions, we introduce a computationally
efficient barycenter kernel maximum mean discrepancy
(MMD) that scales favorably with both the number of
sensitive attribute values and the sample size.

• Through extensive experiments on synthetic and real-
world datasets, we demonstrate that the proposed
method attains a better trade-off between fairness and
predictive accuracy than existing approaches.

2 PRELIMINARIES

2.1 PROBLEM SETUP

We consider (possibly multi-output) supervised learning. We
train a model hω with parameters ω that outputs prediction
Ŷ of decision outcome(s) Y from each individual’s features
X, including discrete-valued sensitive features A.

We seek parameters ω that achieve a good balance between
prediction accuracy and fairness with respect to sensitive
features A. Given n training instances {(xi, yi)ni=1}, our
learning problem is formulated as

min
ω

1

n

n∑

i=1

ε(yi, hω(xi)) + ϑgω(x1, . . . , xn), (1)

where ε is a loss function that measures the prediction error,
gω is a penalty function that quantifies the unfairness of
predictive model hω, and ϑ → 0 is a hyperparameter.

We formulate penalty function gω based on the notion of
interventional fairness [Salimi et al., 2019], which is defined
using structural causal models (SCMs) [Pearl, 2009].

2.2 FAIRNESS VIA LENS OF CAUSALITY

Consider a scenario of making hiring decisions for phys-
ically demanding jobs [Chikahara et al., 2023]. We pre-
dict Ŷ = [Ŷ1] from each applicant’s features X =

{A,Xad,D,E}: gender and nationality A = [A1, A2] (sen-
sitive features), physical test scores Xad

= [Xad
1 , Xad

2 ],
medical test results D = [D1, D2], and educational back-
ground E = [E1]. Since the job requires physical strength,
we treat the physical test scores Xad as admissible features,
whose use in decision-making is not regarded as indirect
discrimination with respect to the sensitive features A.

When causal relationships among features X are expressed
by the causal graph in Figure 1(a), we can depict the data-
generating process of X and Ŷ as in Figure 1(b) by adding
directed edges from each feature in X to prediction Ŷ.

An SCM formalizes such data-generating process. For ex-
ample, physical test score Xad

1 is determined by the values
of its parents in the causal graph in Figure 1(b):

Xad
1 = fXad

1
(A1, D2, E1, UXad

1
), (2)

where UXad
1

is an exogenous noise, and fXad
1

is a determin-
istic function. Whereas the true forms of such deterministic
functions as fXad

1
are unknown for observed features X, the

prediction Ŷ = [Ŷ1] is given by the known function, as it is
produced by a prediction model hω:

Ŷ = hω(X,UŶ), (3)

where UŶ is an exogenous noise term corresponding to the
randomness of hω when it is a probabilistic model.

Interventional fairness is defined via an operation on an
SCM called an intervention. For instance, an intervention
do(Xad

1 = xad
1 ) modifies the data-generating process of

Xad
1 in (2) by forcing Xad

1 to take the fixed value xad
1 . Us-

ing such hypothetical modifications to the data-generating
process, interventional fairness is defined as the equality of
the interventional distributions of Ŷ under interventions on
the sensitive features A and the admissible features Xad:

Definition 2.1 (Salimi et al. [2019]). Prediction Ŷ is inter-

ventionally fair with respect to sensitive features A, if

P(Ŷ = ŷ | do(A = a), do(Xad
= xad))

=P(Ŷ = ŷ | do(A = a→), do(Xad
= xad)),

(4)

holds for all possible prediction values ŷ, for any discrete
values a, a→ of sensitive features A and for any discrete val-
ues xad of admissible features Xad.

𝑨: gender & race (sensitive features)
𝑿!": physical test score (admissible features)
𝑫: medical test results
𝑬: educational background
-𝒀: prediction

Causal graph

Indirect effects are not discriminatory
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Figure 1: Causal graphs representing a scenario of hiring decisions: (a) DAG over X, (b) DAG over X and Ŷ, (c) CPDAG
over X, (d) cluster DAG over X, and (e) cluster CPDAG over X with independence arcs and connection/separation marks.

identification of interventional distributions for the true
cluster DAG compatible with the cluster CPDAG.

• We propose a learning framework that achieves inter-
ventional fairness by penalizing the worst-case unfair-
ness across these adjustment cluster sets. To efficiently
measure the overall discrepancy across pairs of inter-
ventional distributions, we introduce a computationally
efficient barycenter kernel maximum mean discrepancy
(MMD) that scales favorably with both the number of
sensitive attribute values and the sample size.

• Through extensive experiments on synthetic and real-
world datasets, we demonstrate that the proposed
method attains a better trade-off between fairness and
predictive accuracy than existing approaches.

2 PRELIMINARIES

2.1 PROBLEM SETUP

We consider (possibly multi-output) supervised learning. We
train a model hω with parameters ω that outputs prediction
Ŷ of decision outcome(s) Y from each individual’s features
X, including discrete-valued sensitive features A.

We seek parameters ω that achieve a good balance between
prediction accuracy and fairness with respect to sensitive
features A. Given n training instances {(xi, yi)ni=1}, our
learning problem is formulated as

min
ω

1

n

n∑

i=1

ε(yi, hω(xi)) + ϑgω(x1, . . . , xn), (1)

where ε is a loss function that measures the prediction error,
gω is a penalty function that quantifies the unfairness of
predictive model hω, and ϑ → 0 is a hyperparameter.

We formulate penalty function gω based on the notion of
interventional fairness [Salimi et al., 2019], which is defined
using structural causal models (SCMs) [Pearl, 2009].

2.2 FAIRNESS VIA LENS OF CAUSALITY

Consider a scenario of making hiring decisions for phys-
ically demanding jobs [Chikahara et al., 2023]. We pre-
dict Ŷ = [Ŷ1] from each applicant’s features X =

{A,Xad,D,E}: gender and nationality A = [A1, A2] (sen-
sitive features), physical test scores Xad

= [Xad
1 , Xad

2 ],
medical test results D = [D1, D2], and educational back-
ground E = [E1]. Since the job requires physical strength,
we treat the physical test scores Xad as admissible features,
whose use in decision-making is not regarded as indirect
discrimination with respect to the sensitive features A.

When causal relationships among features X are expressed
by the causal graph in Figure 1(a), we can depict the data-
generating process of X and Ŷ as in Figure 1(b) by adding
directed edges from each feature in X to prediction Ŷ.

An SCM formalizes such data-generating process. For ex-
ample, physical test score Xad

1 is determined by the values
of its parents in the causal graph in Figure 1(b):

Xad
1 = fXad

1
(A1, D2, E1, UXad

1
), (2)

where UXad
1

is an exogenous noise, and fXad
1

is a determin-
istic function. Whereas the true forms of such deterministic
functions as fXad

1
are unknown for observed features X, the

prediction Ŷ = [Ŷ1] is given by the known function, as it is
produced by a prediction model hω:

Ŷ = hω(X,UŶ), (3)

where UŶ is an exogenous noise term corresponding to the
randomness of hω when it is a probabilistic model.

Interventional fairness is defined via an operation on an
SCM called an intervention. For instance, an intervention
do(Xad

1 = xad
1 ) modifies the data-generating process of

Xad
1 in (2) by forcing Xad

1 to take the fixed value xad
1 . Us-

ing such hypothetical modifications to the data-generating
process, interventional fairness is defined as the equality of
the interventional distributions of Ŷ under interventions on
the sensitive features A and the admissible features Xad:

Definition 2.1 (Salimi et al. [2019]). Prediction Ŷ is inter-

ventionally fair with respect to sensitive features A, if

P(Ŷ = ŷ | do(A = a), do(Xad
= xad))

=P(Ŷ = ŷ | do(A = a→), do(Xad
= xad)),

(4)

holds for all possible prediction values ŷ, for any discrete
values a, a→ of sensitive features A and for any discrete val-
ues xad of admissible features Xad.

𝑨: gender & race (sensitive features)
𝑿!": physical test score (admissible features)
𝑫: medical test results
𝑬: educational background
-𝒀: prediction

Causal graph A structural causal model (SCM)
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Figure 1: Causal graphs representing a scenario of hiring decisions: (a) DAG over X, (b) DAG over X and Ŷ, (c) CPDAG
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identification of interventional distributions for the true
cluster DAG compatible with the cluster CPDAG.

• We propose a learning framework that achieves inter-
ventional fairness by penalizing the worst-case unfair-
ness across these adjustment cluster sets. To efficiently
measure the overall discrepancy across pairs of inter-
ventional distributions, we introduce a computationally
efficient barycenter kernel maximum mean discrepancy
(MMD) that scales favorably with both the number of
sensitive attribute values and the sample size.

• Through extensive experiments on synthetic and real-
world datasets, we demonstrate that the proposed
method attains a better trade-off between fairness and
predictive accuracy than existing approaches.

2 PRELIMINARIES

2.1 PROBLEM SETUP

We consider (possibly multi-output) supervised learning. We
train a model hω with parameters ω that outputs prediction
Ŷ of decision outcome(s) Y from each individual’s features
X, including discrete-valued sensitive features A.

We seek parameters ω that achieve a good balance between
prediction accuracy and fairness with respect to sensitive
features A. Given n training instances {(xi, yi)ni=1}, our
learning problem is formulated as

min
ω

1

n

n∑

i=1

ε(yi, hω(xi)) + ϑgω(x1, . . . , xn), (1)

where ε is a loss function that measures the prediction error,
gω is a penalty function that quantifies the unfairness of
predictive model hω, and ϑ → 0 is a hyperparameter.

We formulate penalty function gω based on the notion of
interventional fairness [Salimi et al., 2019], which is defined
using structural causal models (SCMs) [Pearl, 2009].

2.2 FAIRNESS VIA LENS OF CAUSALITY

Consider a scenario of making hiring decisions for phys-
ically demanding jobs [Chikahara et al., 2023]. We pre-
dict Ŷ = [Ŷ1] from each applicant’s features X =

{A,Xad,D,E}: gender and nationality A = [A1, A2] (sen-
sitive features), physical test scores Xad

= [Xad
1 , Xad

2 ],
medical test results D = [D1, D2], and educational back-
ground E = [E1]. Since the job requires physical strength,
we treat the physical test scores Xad as admissible features,
whose use in decision-making is not regarded as indirect
discrimination with respect to the sensitive features A.

When causal relationships among features X are expressed
by the causal graph in Figure 1(a), we can depict the data-
generating process of X and Ŷ as in Figure 1(b) by adding
directed edges from each feature in X to prediction Ŷ.

An SCM formalizes such data-generating process. For ex-
ample, physical test score Xad

1 is determined by the values
of its parents in the causal graph in Figure 1(b):

Xad
1 = fXad

1
(A1, D2, E1, UXad

1
), (2)

where UXad
1

is an exogenous noise, and fXad
1

is a determin-
istic function. Whereas the true forms of such deterministic
functions as fXad

1
are unknown for observed features X, the

prediction Ŷ = [Ŷ1] is given by the known function, as it is
produced by a prediction model hω:

Ŷ = hω(X,UŶ), (3)

where UŶ is an exogenous noise term corresponding to the
randomness of hω when it is a probabilistic model.

Interventional fairness is defined via an operation on an
SCM called an intervention. For instance, an intervention
do(Xad

1 = xad
1 ) modifies the data-generating process of

Xad
1 in (2) by forcing Xad

1 to take the fixed value xad
1 . Us-

ing such hypothetical modifications to the data-generating
process, interventional fairness is defined as the equality of
the interventional distributions of Ŷ under interventions on
the sensitive features A and the admissible features Xad:

Definition 2.1 (Salimi et al. [2019]). Prediction Ŷ is inter-

ventionally fair with respect to sensitive features A, if

P(Ŷ = ŷ | do(A = a), do(Xad
= xad))

=P(Ŷ = ŷ | do(A = a→), do(Xad
= xad)),

(4)

holds for all possible prediction values ŷ, for any discrete
values a, a→ of sensitive features A and for any discrete val-
ues xad of admissible features Xad.

describes data-generating processes 
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Figure 1: Causal graphs representing a scenario of hiring decisions: (a) DAG over X, (b) DAG over X and Ŷ, (c) CPDAG
over X, (d) cluster DAG over X, and (e) cluster CPDAG over X with independence arcs and connection/separation marks.

identification of interventional distributions for the true
cluster DAG compatible with the cluster CPDAG.

• We propose a learning framework that achieves inter-
ventional fairness by penalizing the worst-case unfair-
ness across these adjustment cluster sets. To efficiently
measure the overall discrepancy across pairs of inter-
ventional distributions, we introduce a computationally
efficient barycenter kernel maximum mean discrepancy
(MMD) that scales favorably with both the number of
sensitive attribute values and the sample size.

• Through extensive experiments on synthetic and real-
world datasets, we demonstrate that the proposed
method attains a better trade-off between fairness and
predictive accuracy than existing approaches.

2 PRELIMINARIES

2.1 PROBLEM SETUP

We consider (possibly multi-output) supervised learning. We
train a model hω with parameters ω that outputs prediction
Ŷ of decision outcome(s) Y from each individual’s features
X, including discrete-valued sensitive features A.

We seek parameters ω that achieve a good balance between
prediction accuracy and fairness with respect to sensitive
features A. Given n training instances {(xi, yi)ni=1}, our
learning problem is formulated as

min
ω

1

n

n∑

i=1

ε(yi, hω(xi)) + ϑgω(x1, . . . , xn), (1)

where ε is a loss function that measures the prediction error,
gω is a penalty function that quantifies the unfairness of
predictive model hω, and ϑ → 0 is a hyperparameter.

We formulate penalty function gω based on the notion of
interventional fairness [Salimi et al., 2019], which is defined
using structural causal models (SCMs) [Pearl, 2009].

2.2 FAIRNESS VIA LENS OF CAUSALITY

Consider a scenario of making hiring decisions for phys-
ically demanding jobs [Chikahara et al., 2023]. We pre-
dict Ŷ = [Ŷ1] from each applicant’s features X =

{A,Xad,D,E}: gender and nationality A = [A1, A2] (sen-
sitive features), physical test scores Xad

= [Xad
1 , Xad

2 ],
medical test results D = [D1, D2], and educational back-
ground E = [E1]. Since the job requires physical strength,
we treat the physical test scores Xad as admissible features,
whose use in decision-making is not regarded as indirect
discrimination with respect to the sensitive features A.

When causal relationships among features X are expressed
by the causal graph in Figure 1(a), we can depict the data-
generating process of X and Ŷ as in Figure 1(b) by adding
directed edges from each feature in X to prediction Ŷ.

An SCM formalizes such data-generating process. For ex-
ample, physical test score Xad

1 is determined by the values
of its parents in the causal graph in Figure 1(b):

Xad
1 = fXad

1
(A1, D2, E1, UXad

1
), (2)

where UXad
1

is an exogenous noise, and fXad
1

is a determin-
istic function. Whereas the true forms of such deterministic
functions as fXad

1
are unknown for observed features X, the

prediction Ŷ = [Ŷ1] is given by the known function, as it is
produced by a prediction model hω:

Ŷ = hω(X,UŶ), (3)

where UŶ is an exogenous noise term corresponding to the
randomness of hω when it is a probabilistic model.

Interventional fairness is defined via an operation on an
SCM called an intervention. For instance, an intervention
do(Xad

1 = xad
1 ) modifies the data-generating process of

Xad
1 in (2) by forcing Xad

1 to take the fixed value xad
1 . Us-

ing such hypothetical modifications to the data-generating
process, interventional fairness is defined as the equality of
the interventional distributions of Ŷ under interventions on
the sensitive features A and the admissible features Xad:

Definition 2.1 (Salimi et al. [2019]). Prediction Ŷ is inter-

ventionally fair with respect to sensitive features A, if

P(Ŷ = ŷ | do(A = a), do(Xad
= xad))

=P(Ŷ = ŷ | do(A = a→), do(Xad
= xad)),

(4)

holds for all possible prediction values ŷ, for any discrete
values a, a→ of sensitive features A and for any discrete val-
ues xad of admissible features Xad.

E.g.,

deterministic
(unknown)

exogenous noise

predictive model
(known)

randomness
in probabilistic model

Example scenario [Chikahara+; AISTATS2021, DMKD2023]: 
Hiring decisions for physically demanding jobs
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1. Interventions: Replacing structural equations

Interventional fairness [Salimi+; SDM2019]
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Figure 1: Causal graphs representing a scenario of hiring decisions: (a) DAG over X, (b) DAG over X and Ŷ, (c) CPDAG
over X, (d) cluster DAG over X, and (e) cluster CPDAG over X with independence arcs and connection/separation marks.

identification of interventional distributions for the true
cluster DAG compatible with the cluster CPDAG.

• We propose a learning framework that achieves inter-
ventional fairness by penalizing the worst-case unfair-
ness across these adjustment cluster sets. To efficiently
measure the overall discrepancy across pairs of inter-
ventional distributions, we introduce a computationally
efficient barycenter kernel maximum mean discrepancy
(MMD) that scales favorably with both the number of
sensitive attribute values and the sample size.

• Through extensive experiments on synthetic and real-
world datasets, we demonstrate that the proposed
method attains a better trade-off between fairness and
predictive accuracy than existing approaches.

2 PRELIMINARIES

2.1 PROBLEM SETUP

We consider (possibly multi-output) supervised learning. We
train a model hω with parameters ω that outputs prediction
Ŷ of decision outcome(s) Y from each individual’s features
X, including discrete-valued sensitive features A.

We seek parameters ω that achieve a good balance between
prediction accuracy and fairness with respect to sensitive
features A. Given n training instances {(xi, yi)ni=1}, our
learning problem is formulated as

min
ω

1

n

n∑

i=1

ε(yi, hω(xi)) + ϑgω(x1, . . . , xn), (1)

where ε is a loss function that measures the prediction error,
gω is a penalty function that quantifies the unfairness of
predictive model hω, and ϑ → 0 is a hyperparameter.

We formulate penalty function gω based on the notion of
interventional fairness [Salimi et al., 2019], which is defined
using structural causal models (SCMs) [Pearl, 2009].

2.2 FAIRNESS VIA LENS OF CAUSALITY

Consider a scenario of making hiring decisions for phys-
ically demanding jobs [Chikahara et al., 2023]. We pre-
dict Ŷ = [Ŷ1] from each applicant’s features X =

{A,Xad,D,E}: gender and nationality A = [A1, A2] (sen-
sitive features), physical test scores Xad

= [Xad
1 , Xad

2 ],
medical test results D = [D1, D2], and educational back-
ground E = [E1]. Since the job requires physical strength,
we treat the physical test scores Xad as admissible features,
whose use in decision-making is not regarded as indirect
discrimination with respect to the sensitive features A.

When causal relationships among features X are expressed
by the causal graph in Figure 1(a), we can depict the data-
generating process of X and Ŷ as in Figure 1(b) by adding
directed edges from each feature in X to prediction Ŷ.

An SCM formalizes such data-generating process. For ex-
ample, physical test score Xad

1 is determined by the values
of its parents in the causal graph in Figure 1(b):

Xad
1 = fXad

1
(A1, D2, E1, UXad

1
), (2)

where UXad
1

is an exogenous noise, and fXad
1

is a determin-
istic function. Whereas the true forms of such deterministic
functions as fXad

1
are unknown for observed features X, the

prediction Ŷ = [Ŷ1] is given by the known function, as it is
produced by a prediction model hω:

Ŷ = hω(X,UŶ), (3)

where UŶ is an exogenous noise term corresponding to the
randomness of hω when it is a probabilistic model.

Interventional fairness is defined via an operation on an
SCM called an intervention. For instance, an intervention
do(Xad

1 = xad
1 ) modifies the data-generating process of

Xad
1 in (2) by forcing Xad

1 to take the fixed value xad
1 . Us-

ing such hypothetical modifications to the data-generating
process, interventional fairness is defined as the equality of
the interventional distributions of Ŷ under interventions on
the sensitive features A and the admissible features Xad:

Definition 2.1 (Salimi et al. [2019]). Prediction Ŷ is inter-

ventionally fair with respect to sensitive features A, if

P(Ŷ = ŷ | do(A = a), do(Xad
= xad))

=P(Ŷ = ŷ | do(A = a→), do(Xad
= xad)),

(4)

holds for all possible prediction values ŷ, for any discrete
values a, a→ of sensitive features A and for any discrete val-
ues xad of admissible features Xad.

E.g.,

deterministic
(unknown)

exogenous noise
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Figure 1: Causal graphs representing a scenario of hiring decisions: (a) DAG over X, (b) DAG over X and Ŷ, (c) CPDAG
over X, (d) cluster DAG over X, and (e) cluster CPDAG over X with independence arcs and connection/separation marks.

identification of interventional distributions for the true
cluster DAG compatible with the cluster CPDAG.

• We propose a learning framework that achieves inter-
ventional fairness by penalizing the worst-case unfair-
ness across these adjustment cluster sets. To efficiently
measure the overall discrepancy across pairs of inter-
ventional distributions, we introduce a computationally
efficient barycenter kernel maximum mean discrepancy
(MMD) that scales favorably with both the number of
sensitive attribute values and the sample size.

• Through extensive experiments on synthetic and real-
world datasets, we demonstrate that the proposed
method attains a better trade-off between fairness and
predictive accuracy than existing approaches.

2 PRELIMINARIES

2.1 PROBLEM SETUP

We consider (possibly multi-output) supervised learning. We
train a model hω with parameters ω that outputs prediction
Ŷ of decision outcome(s) Y from each individual’s features
X, including discrete-valued sensitive features A.

We seek parameters ω that achieve a good balance between
prediction accuracy and fairness with respect to sensitive
features A. Given n training instances {(xi, yi)ni=1}, our
learning problem is formulated as

min
ω

1

n

n∑

i=1

ε(yi, hω(xi)) + ϑgω(x1, . . . , xn), (1)

where ε is a loss function that measures the prediction error,
gω is a penalty function that quantifies the unfairness of
predictive model hω, and ϑ → 0 is a hyperparameter.

We formulate penalty function gω based on the notion of
interventional fairness [Salimi et al., 2019], which is defined
using structural causal models (SCMs) [Pearl, 2009].

2.2 FAIRNESS VIA LENS OF CAUSALITY

Consider a scenario of making hiring decisions for phys-
ically demanding jobs [Chikahara et al., 2023]. We pre-
dict Ŷ = [Ŷ1] from each applicant’s features X =

{A,Xad,D,E}: gender and nationality A = [A1, A2] (sen-
sitive features), physical test scores Xad

= [Xad
1 , Xad

2 ],
medical test results D = [D1, D2], and educational back-
ground E = [E1]. Since the job requires physical strength,
we treat the physical test scores Xad as admissible features,
whose use in decision-making is not regarded as indirect
discrimination with respect to the sensitive features A.

When causal relationships among features X are expressed
by the causal graph in Figure 1(a), we can depict the data-
generating process of X and Ŷ as in Figure 1(b) by adding
directed edges from each feature in X to prediction Ŷ.

An SCM formalizes such data-generating process. For ex-
ample, physical test score Xad

1 is determined by the values
of its parents in the causal graph in Figure 1(b):

Xad
1 = fXad

1
(A1, D2, E1, UXad

1
), (2)

where UXad
1

is an exogenous noise, and fXad
1

is a determin-
istic function. Whereas the true forms of such deterministic
functions as fXad

1
are unknown for observed features X, the

prediction Ŷ = [Ŷ1] is given by the known function, as it is
produced by a prediction model hω:

Ŷ = hω(X,UŶ), (3)

where UŶ is an exogenous noise term corresponding to the
randomness of hω when it is a probabilistic model.

Interventional fairness is defined via an operation on an
SCM called an intervention. For instance, an intervention
do(Xad

1 = xad
1 ) modifies the data-generating process of

Xad
1 in (2) by forcing Xad

1 to take the fixed value xad
1 . Us-

ing such hypothetical modifications to the data-generating
process, interventional fairness is defined as the equality of
the interventional distributions of Ŷ under interventions on
the sensitive features A and the admissible features Xad:

Definition 2.1 (Salimi et al. [2019]). Prediction Ŷ is inter-

ventionally fair with respect to sensitive features A, if

P(Ŷ = ŷ | do(A = a), do(Xad
= xad))

=P(Ŷ = ŷ | do(A = a→), do(Xad
= xad)),

(4)

holds for all possible prediction values ŷ, for any discrete
values a, a→ of sensitive features A and for any discrete val-
ues xad of admissible features Xad.

Intervention
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Figure 1: Causal graphs representing a scenario of hiring decisions: (a) DAG over X, (b) DAG over X and Ŷ, (c) CPDAG
over X, (d) cluster DAG over X, and (e) cluster CPDAG over X with independence arcs and connection/separation marks.

identification of interventional distributions for the true
cluster DAG compatible with the cluster CPDAG.

• We propose a learning framework that achieves inter-
ventional fairness by penalizing the worst-case unfair-
ness across these adjustment cluster sets. To efficiently
measure the overall discrepancy across pairs of inter-
ventional distributions, we introduce a computationally
efficient barycenter kernel maximum mean discrepancy
(MMD) that scales favorably with both the number of
sensitive attribute values and the sample size.

• Through extensive experiments on synthetic and real-
world datasets, we demonstrate that the proposed
method attains a better trade-off between fairness and
predictive accuracy than existing approaches.

2 PRELIMINARIES

2.1 PROBLEM SETUP

We consider (possibly multi-output) supervised learning. We
train a model hω with parameters ω that outputs prediction
Ŷ of decision outcome(s) Y from each individual’s features
X, including discrete-valued sensitive features A.

We seek parameters ω that achieve a good balance between
prediction accuracy and fairness with respect to sensitive
features A. Given n training instances {(xi, yi)ni=1}, our
learning problem is formulated as

min
ω

1

n

n∑

i=1

ε(yi, hω(xi)) + ϑgω(x1, . . . , xn), (1)

where ε is a loss function that measures the prediction error,
gω is a penalty function that quantifies the unfairness of
predictive model hω, and ϑ → 0 is a hyperparameter.

We formulate penalty function gω based on the notion of
interventional fairness [Salimi et al., 2019], which is defined
using structural causal models (SCMs) [Pearl, 2009].

2.2 FAIRNESS VIA LENS OF CAUSALITY

Consider a scenario of making hiring decisions for phys-
ically demanding jobs [Chikahara et al., 2023]. We pre-
dict Ŷ = [Ŷ1] from each applicant’s features X =

{A,Xad,D,E}: gender and nationality A = [A1, A2] (sen-
sitive features), physical test scores Xad

= [Xad
1 , Xad

2 ],
medical test results D = [D1, D2], and educational back-
ground E = [E1]. Since the job requires physical strength,
we treat the physical test scores Xad as admissible features,
whose use in decision-making is not regarded as indirect
discrimination with respect to the sensitive features A.

When causal relationships among features X are expressed
by the causal graph in Figure 1(a), we can depict the data-
generating process of X and Ŷ as in Figure 1(b) by adding
directed edges from each feature in X to prediction Ŷ.

An SCM formalizes such data-generating process. For ex-
ample, physical test score Xad

1 is determined by the values
of its parents in the causal graph in Figure 1(b):

Xad
1 = fXad

1
(A1, D2, E1, UXad

1
), (2)

where UXad
1

is an exogenous noise, and fXad
1

is a determin-
istic function. Whereas the true forms of such deterministic
functions as fXad

1
are unknown for observed features X, the

prediction Ŷ = [Ŷ1] is given by the known function, as it is
produced by a prediction model hω:

Ŷ = hω(X,UŶ), (3)

where UŶ is an exogenous noise term corresponding to the
randomness of hω when it is a probabilistic model.

Interventional fairness is defined via an operation on an
SCM called an intervention. For instance, an intervention
do(Xad

1 = xad
1 ) modifies the data-generating process of

Xad
1 in (2) by forcing Xad

1 to take the fixed value xad
1 . Us-

ing such hypothetical modifications to the data-generating
process, interventional fairness is defined as the equality of
the interventional distributions of Ŷ under interventions on
the sensitive features A and the admissible features Xad:

Definition 2.1 (Salimi et al. [2019]). Prediction Ŷ is inter-

ventionally fair with respect to sensitive features A, if

P(Ŷ = ŷ | do(A = a), do(Xad
= xad))

=P(Ŷ = ŷ | do(A = a→), do(Xad
= xad)),

(4)

holds for all possible prediction values ŷ, for any discrete
values a, a→ of sensitive features A and for any discrete val-
ues xad of admissible features Xad.

Values are forced to be constant 𝑥!"#
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2. Interventional fairness:

Interventional fairness [Salimi+; SDM2019]

9

!!"#

!$"#

"!"$

#!
#$

$!

(b) Variable-level DAG over ! and "#
%&!

!!"#

!$"#

"!"$

#!
#$

$!

(a) Variable-level DAG over !

!!"#

!$"#

"!"$

#!
#$

$!

(c) Variable-level CPDAG over !

'"#

(

)

*

(d) Cluster DAG over ! (e) Cluster CPDAG over !

'"#

(

)

*⨁
!!

"

(a) (b) (c) (d) (e)

Figure 1: Causal graphs representing a scenario of hiring decisions: (a) DAG over X, (b) DAG over X and Ŷ, (c) CPDAG
over X, (d) cluster DAG over X, and (e) cluster CPDAG over X with independence arcs and connection/separation marks.

identification of interventional distributions for the true
cluster DAG compatible with the cluster CPDAG.

• We propose a learning framework that achieves inter-
ventional fairness by penalizing the worst-case unfair-
ness across these adjustment cluster sets. To efficiently
measure the overall discrepancy across pairs of inter-
ventional distributions, we introduce a computationally
efficient barycenter kernel maximum mean discrepancy
(MMD) that scales favorably with both the number of
sensitive attribute values and the sample size.

• Through extensive experiments on synthetic and real-
world datasets, we demonstrate that the proposed
method attains a better trade-off between fairness and
predictive accuracy than existing approaches.

2 PRELIMINARIES

2.1 PROBLEM SETUP

We consider (possibly multi-output) supervised learning. We
train a model hω with parameters ω that outputs prediction
Ŷ of decision outcome(s) Y from each individual’s features
X, including discrete-valued sensitive features A.

We seek parameters ω that achieve a good balance between
prediction accuracy and fairness with respect to sensitive
features A. Given n training instances {(xi, yi)ni=1}, our
learning problem is formulated as

min
ω

1

n

n∑

i=1

ε(yi, hω(xi)) + ϑgω(x1, . . . , xn), (1)

where ε is a loss function that measures the prediction error,
gω is a penalty function that quantifies the unfairness of
predictive model hω, and ϑ → 0 is a hyperparameter.

We formulate penalty function gω based on the notion of
interventional fairness [Salimi et al., 2019], which is defined
using structural causal models (SCMs) [Pearl, 2009].

2.2 FAIRNESS VIA LENS OF CAUSALITY

Consider a scenario of making hiring decisions for phys-
ically demanding jobs [Chikahara et al., 2023]. We pre-
dict Ŷ = [Ŷ1] from each applicant’s features X =

{A,Xad,D,E}: gender and nationality A = [A1, A2] (sen-
sitive features), physical test scores Xad

= [Xad
1 , Xad

2 ],
medical test results D = [D1, D2], and educational back-
ground E = [E1]. Since the job requires physical strength,
we treat the physical test scores Xad as admissible features,
whose use in decision-making is not regarded as indirect
discrimination with respect to the sensitive features A.

When causal relationships among features X are expressed
by the causal graph in Figure 1(a), we can depict the data-
generating process of X and Ŷ as in Figure 1(b) by adding
directed edges from each feature in X to prediction Ŷ.

An SCM formalizes such data-generating process. For ex-
ample, physical test score Xad

1 is determined by the values
of its parents in the causal graph in Figure 1(b):

Xad
1 = fXad

1
(A1, D2, E1, UXad

1
), (2)

where UXad
1

is an exogenous noise, and fXad
1

is a determin-
istic function. Whereas the true forms of such deterministic
functions as fXad

1
are unknown for observed features X, the

prediction Ŷ = [Ŷ1] is given by the known function, as it is
produced by a prediction model hω:

Ŷ = hω(X,UŶ), (3)

where UŶ is an exogenous noise term corresponding to the
randomness of hω when it is a probabilistic model.

Interventional fairness is defined via an operation on an
SCM called an intervention. For instance, an intervention
do(Xad

1 = xad
1 ) modifies the data-generating process of

Xad
1 in (2) by forcing Xad

1 to take the fixed value xad
1 . Us-

ing such hypothetical modifications to the data-generating
process, interventional fairness is defined as the equality of
the interventional distributions of Ŷ under interventions on
the sensitive features A and the admissible features Xad:

Definition 2.1 (Salimi et al. [2019]). Prediction Ŷ is inter-

ventionally fair with respect to sensitive features A, if

P(Ŷ = ŷ | do(A = a), do(Xad
= xad))

=P(Ŷ = ŷ | do(A = a→), do(Xad
= xad)),

(4)

holds for all possible prediction values ŷ, for any discrete
values a, a→ of sensitive features A and for any discrete val-
ues xad of admissible features Xad.

Changing sensitive attributes 
do not change the distributions of predictions
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• Group variables according to a user-defined partition

Cluster DAGs [Anand+; AAAI2023]
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Figure 1: Causal graphs representing a scenario of hiring decisions: (a) DAG over X, (b) DAG over X and Ŷ, (c) CPDAG
over X, (d) cluster DAG over X, and (e) cluster CPDAG over X with independence arcs and connection/separation marks.

identification of interventional distributions for the true
cluster DAG compatible with the cluster CPDAG.

• We propose a learning framework that achieves inter-
ventional fairness by penalizing the worst-case unfair-
ness across these adjustment cluster sets. To efficiently
measure the overall discrepancy across pairs of inter-
ventional distributions, we introduce a computationally
efficient barycenter kernel maximum mean discrepancy
(MMD) that scales favorably with both the number of
sensitive attribute values and the sample size.

• Through extensive experiments on synthetic and real-
world datasets, we demonstrate that the proposed
method attains a better trade-off between fairness and
predictive accuracy than existing approaches.

2 PRELIMINARIES

2.1 PROBLEM SETUP

We consider (possibly multi-output) supervised learning. We
train a model hω with parameters ω that outputs prediction
Ŷ of decision outcome(s) Y from each individual’s features
X, including discrete-valued sensitive features A.

We seek parameters ω that achieve a good balance between
prediction accuracy and fairness with respect to sensitive
features A. Given n training instances {(xi, yi)ni=1}, our
learning problem is formulated as

min
ω

1

n

n∑

i=1

ε(yi, hω(xi)) + ϑgω(x1, . . . , xn), (1)

where ε is a loss function that measures the prediction error,
gω is a penalty function that quantifies the unfairness of
predictive model hω, and ϑ → 0 is a hyperparameter.

We formulate penalty function gω based on the notion of
interventional fairness [Salimi et al., 2019], which is defined
using structural causal models (SCMs) [Pearl, 2009].

2.2 FAIRNESS VIA LENS OF CAUSALITY

Consider a scenario of making hiring decisions for phys-
ically demanding jobs [Chikahara et al., 2023]. We pre-
dict Ŷ = [Ŷ1] from each applicant’s features X =

{A,Xad,D,E}: gender and nationality A = [A1, A2] (sen-
sitive features), physical test scores Xad

= [Xad
1 , Xad

2 ],
medical test results D = [D1, D2], and educational back-
ground E = [E1]. Since the job requires physical strength,
we treat the physical test scores Xad as admissible features,
whose use in decision-making is not regarded as indirect
discrimination with respect to the sensitive features A.

When causal relationships among features X are expressed
by the causal graph in Figure 1(a), we can depict the data-
generating process of X and Ŷ as in Figure 1(b) by adding
directed edges from each feature in X to prediction Ŷ.

An SCM formalizes such data-generating process. For ex-
ample, physical test score Xad

1 is determined by the values
of its parents in the causal graph in Figure 1(b):

Xad
1 = fXad

1
(A1, D2, E1, UXad

1
), (2)

where UXad
1

is an exogenous noise, and fXad
1

is a determin-
istic function. Whereas the true forms of such deterministic
functions as fXad

1
are unknown for observed features X, the

prediction Ŷ = [Ŷ1] is given by the known function, as it is
produced by a prediction model hω:

Ŷ = hω(X,UŶ), (3)

where UŶ is an exogenous noise term corresponding to the
randomness of hω when it is a probabilistic model.

Interventional fairness is defined via an operation on an
SCM called an intervention. For instance, an intervention
do(Xad

1 = xad
1 ) modifies the data-generating process of

Xad
1 in (2) by forcing Xad

1 to take the fixed value xad
1 . Us-

ing such hypothetical modifications to the data-generating
process, interventional fairness is defined as the equality of
the interventional distributions of Ŷ under interventions on
the sensitive features A and the admissible features Xad:

Definition 2.1 (Salimi et al. [2019]). Prediction Ŷ is inter-

ventionally fair with respect to sensitive features A, if

P(Ŷ = ŷ | do(A = a), do(Xad
= xad))

=P(Ŷ = ŷ | do(A = a→), do(Xad
= xad)),

(4)

holds for all possible prediction values ŷ, for any discrete
values a, a→ of sensitive features A and for any discrete val-
ues xad of admissible features Xad.
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identification of interventional distributions for the true
cluster DAG compatible with the cluster CPDAG.

• We propose a learning framework that achieves inter-
ventional fairness by penalizing the worst-case unfair-
ness across these adjustment cluster sets. To efficiently
measure the overall discrepancy across pairs of inter-
ventional distributions, we introduce a computationally
efficient barycenter kernel maximum mean discrepancy
(MMD) that scales favorably with both the number of
sensitive attribute values and the sample size.

• Through extensive experiments on synthetic and real-
world datasets, we demonstrate that the proposed
method attains a better trade-off between fairness and
predictive accuracy than existing approaches.

2 PRELIMINARIES

2.1 PROBLEM SETUP

We consider (possibly multi-output) supervised learning. We
train a model hω with parameters ω that outputs prediction
Ŷ of decision outcome(s) Y from each individual’s features
X, including discrete-valued sensitive features A.

We seek parameters ω that achieve a good balance between
prediction accuracy and fairness with respect to sensitive
features A. Given n training instances {(xi, yi)ni=1}, our
learning problem is formulated as

min
ω

1

n

n∑

i=1

ε(yi, hω(xi)) + ϑgω(x1, . . . , xn), (1)

where ε is a loss function that measures the prediction error,
gω is a penalty function that quantifies the unfairness of
predictive model hω, and ϑ → 0 is a hyperparameter.

We formulate penalty function gω based on the notion of
interventional fairness [Salimi et al., 2019], which is defined
using structural causal models (SCMs) [Pearl, 2009].

2.2 FAIRNESS VIA LENS OF CAUSALITY

Consider a scenario of making hiring decisions for phys-
ically demanding jobs [Chikahara et al., 2023]. We pre-
dict Ŷ = [Ŷ1] from each applicant’s features X =

{A,Xad,D,E}: gender and nationality A = [A1, A2] (sen-
sitive features), physical test scores Xad

= [Xad
1 , Xad

2 ],
medical test results D = [D1, D2], and educational back-
ground E = [E1]. Since the job requires physical strength,
we treat the physical test scores Xad as admissible features,
whose use in decision-making is not regarded as indirect
discrimination with respect to the sensitive features A.

When causal relationships among features X are expressed
by the causal graph in Figure 1(a), we can depict the data-
generating process of X and Ŷ as in Figure 1(b) by adding
directed edges from each feature in X to prediction Ŷ.

An SCM formalizes such data-generating process. For ex-
ample, physical test score Xad

1 is determined by the values
of its parents in the causal graph in Figure 1(b):

Xad
1 = fXad

1
(A1, D2, E1, UXad

1
), (2)

where UXad
1

is an exogenous noise, and fXad
1

is a determin-
istic function. Whereas the true forms of such deterministic
functions as fXad

1
are unknown for observed features X, the

prediction Ŷ = [Ŷ1] is given by the known function, as it is
produced by a prediction model hω:

Ŷ = hω(X,UŶ), (3)

where UŶ is an exogenous noise term corresponding to the
randomness of hω when it is a probabilistic model.

Interventional fairness is defined via an operation on an
SCM called an intervention. For instance, an intervention
do(Xad

1 = xad
1 ) modifies the data-generating process of

Xad
1 in (2) by forcing Xad

1 to take the fixed value xad
1 . Us-

ing such hypothetical modifications to the data-generating
process, interventional fairness is defined as the equality of
the interventional distributions of Ŷ under interventions on
the sensitive features A and the admissible features Xad:

Definition 2.1 (Salimi et al. [2019]). Prediction Ŷ is inter-

ventionally fair with respect to sensitive features A, if

P(Ŷ = ŷ | do(A = a), do(Xad
= xad))

=P(Ŷ = ŷ | do(A = a→), do(Xad
= xad)),

(4)

holds for all possible prediction values ŷ, for any discrete
values a, a→ of sensitive features A and for any discrete val-
ues xad of admissible features Xad.
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Remark 2.2 (Connection to other causality-based notions).
Unlike counterfactual fairness [Kusner et al., 2017, Wu
et al., 2019], interventional fairness is (i) a group-level

notion—in contrast to individual-level one, which is formal-
ized via conditional distributions conditioned on all features
X of an individual—and (ii) defined using interventional
distributions, not counterfactual distributions [Pearl, 2009].

An advantage of interventional fairness is that the interven-
tional distributions in Eq. (4) can be identified using partial
causal graph knowledge, formalized as a CPDAG [Maathuis
et al., 2009, Fang and He, 2020, Guo and Perković, 2022].

A CPDAG represents a Markov equivalence class (MEC),
a class of causal DAGs with the same conditional indepen-
dence relations among variables. It contains directed edges
that are common to all DAGs in the class, and undirected
edges whose orientations vary across the DAGs. For exam-
ple, the MEC containing the causal DAG in Figure 1 (a) is
given by the CPDAG in Figure 1 (c), where the directed
edges in collider structures (e.g., A1 ↓ Xad

1 ↔ E1 with
A1 and E1 being non-adjacent (i.e., unshielded)) remain di-
rected, since their conditional independence relations differ
from those in non-collider structures.

Although CPDAG inference only requires conditional inde-
pendence tests, it can be challenging in high-dimensional
setups due to the large number of tests required. This chal-
lenge motivates cluster causal graphs, as their estimation
needs exponentially fewer tests (with respect to the maxi-
mum node degree) and can further gain statistical power by
leveraging modern multivariate testing [Anand et al., 2025].

2.3 CLUSTER CAUSAL GRAPHS

Cluster DAGs A cluster graph G is constructed by group-
ing nodes V in a variable-level DAG Gv [Anand et al., 2023].
Given a partition of d clusters C = {C1, . . . ,Cd} of nodes
V , a cluster graph G over C has a directed edge Ci ↓ Cj

between clusters Ci,Cj ↗ C, if some Vi ↗ Ci and Vj ↗ Cj

have edge Vi ↓ Vj in Gv. For instance, the causal graph in
Figure 1 (a) is converted to the cluster DAG in Figure 1 (d).
Following Anand et al. [2025], we assume that the resulting
cluster graph is a DAG; this assumption is feasible for many
applications by leveraging domain knowledge to design an
appropriate partition, called an admissible partition.

Even under acyclicity, a cluster graph can entail different
conditional independence relations among the clusters, de-
pending on the unspecified variable-level structures within
each cluster. For example, as illustrated in Figure 2 (b) and
(c; right), collider structure X ↓ Z ↔ Y can entail different
relations X ↘≃≃Y | Z and X ≃≃Y | Z, depending on whether
variable-level collider structure Xi ↓ Zk ↔ Yj exists in
Gv for some Xi ↗ X, Yj ↗ Y, and Zk ↗ Z.

To explicitly represent such differences, Anand et al. [2025]
propose independence arcs, as well as connection and sep-

aration marks. An independence arc A→X,Z,Y↑ over an (un-
shielded) cluster triplet →X,Z,Y↑ takes three possible states:
marginally connecting (marg), conditionally connecting

(cond), and never connecting (never), each implying the
conditional independence relations described in Figure 2. A
connection mark ⇐C and a separation mark ⇒C for some
cluster set C ⇑ C are put on independence arc A→X,Z,Y↑, if
conditioning C renders X and Y dependent and independent,
respectively, which are otherwise not implied by the state of
arc A→X,Z,Y↑. We present the definitions in Appendix A.2.

Cluster CPDAGs A cluster CPDAG expresses a cluster

MEC, a class of cluster DAGs with identical conditional
independence relations among clusters. As in Figure 1 (e),
it contains directed edges, independence arcs, and connec-
tion/separation marks shared in all cluster DAGs in the class,
and undirected edges whose orientations differ in the class.

Anand et al. [2025] propose the inference method for a
cluster CPDAG, called the causal learning over clusters

(CLOC). Compared to other algorithms for learning cluster
graphs [Segal et al., 2005, Tikka et al., 2023, Wahl et al.,
2024], it does not require restrictive assumptions about the
underlying graph structure (e.g., the connectivity of nodes
within each cluster). For this reason, we build upon CLOC
to achieve interventional fairness using a cluster CPDAG.

3 PROPOSED METHOD

We propose a framework for achieving interventional fair-
ness (Definition 2.1) using an inferred cluster CPDAG.

3.1 CHALLENGES IN CLUSTER CPDAGS

To ensure interventional fairness, we design penalty function
gω in (1) that reduces the discrepancy between interventional
distributions in (4). However, when only a cluster CPDAG
is available, inferring these distributions is challenging.
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notion—in contrast to individual-level one, which is formal-
ized via conditional distributions conditioned on all features
X of an individual—and (ii) defined using interventional
distributions, not counterfactual distributions [Pearl, 2009].

An advantage of interventional fairness is that the interven-
tional distributions in Eq. (4) can be identified using partial
causal graph knowledge, formalized as a CPDAG [Maathuis
et al., 2009, Fang and He, 2020, Guo and Perković, 2022].
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a class of causal DAGs with the same conditional indepen-
dence relations among variables. It contains directed edges
that are common to all DAGs in the class, and undirected
edges whose orientations vary across the DAGs. For exam-
ple, the MEC containing the causal DAG in Figure 1 (a) is
given by the CPDAG in Figure 1 (c), where the directed
edges in collider structures (e.g., A1 ↓ Xad

1 ↔ E1 with
A1 and E1 being non-adjacent (i.e., unshielded)) remain di-
rected, since their conditional independence relations differ
from those in non-collider structures.

Although CPDAG inference only requires conditional inde-
pendence tests, it can be challenging in high-dimensional
setups due to the large number of tests required. This chal-
lenge motivates cluster causal graphs, as their estimation
needs exponentially fewer tests (with respect to the maxi-
mum node degree) and can further gain statistical power by
leveraging modern multivariate testing [Anand et al., 2025].

2.3 CLUSTER CAUSAL GRAPHS

Cluster DAGs A cluster graph G is constructed by group-
ing nodes V in a variable-level DAG Gv [Anand et al., 2023].
Given a partition of d clusters C = {C1, . . . ,Cd} of nodes
V , a cluster graph G over C has a directed edge Ci ↓ Cj

between clusters Ci,Cj ↗ C, if some Vi ↗ Ci and Vj ↗ Cj

have edge Vi ↓ Vj in Gv. For instance, the causal graph in
Figure 1 (a) is converted to the cluster DAG in Figure 1 (d).
Following Anand et al. [2025], we assume that the resulting
cluster graph is a DAG; this assumption is feasible for many
applications by leveraging domain knowledge to design an
appropriate partition, called an admissible partition.

Even under acyclicity, a cluster graph can entail different
conditional independence relations among the clusters, de-
pending on the unspecified variable-level structures within
each cluster. For example, as illustrated in Figure 2 (b) and
(c; right), collider structure X ↓ Z ↔ Y can entail different
relations X ↘≃≃Y | Z and X ≃≃Y | Z, depending on whether
variable-level collider structure Xi ↓ Zk ↔ Yj exists in
Gv for some Xi ↗ X, Yj ↗ Y, and Zk ↗ Z.

To explicitly represent such differences, Anand et al. [2025]
propose independence arcs, as well as connection and sep-

aration marks. An independence arc A→X,Z,Y↑ over an (un-
shielded) cluster triplet →X,Z,Y↑ takes three possible states:
marginally connecting (marg), conditionally connecting

(cond), and never connecting (never), each implying the
conditional independence relations described in Figure 2. A
connection mark ⇐C and a separation mark ⇒C for some
cluster set C ⇑ C are put on independence arc A→X,Z,Y↑, if
conditioning C renders X and Y dependent and independent,
respectively, which are otherwise not implied by the state of
arc A→X,Z,Y↑. We present the definitions in Appendix A.2.

Cluster CPDAGs A cluster CPDAG expresses a cluster

MEC, a class of cluster DAGs with identical conditional
independence relations among clusters. As in Figure 1 (e),
it contains directed edges, independence arcs, and connec-
tion/separation marks shared in all cluster DAGs in the class,
and undirected edges whose orientations differ in the class.

Anand et al. [2025] propose the inference method for a
cluster CPDAG, called the causal learning over clusters

(CLOC). Compared to other algorithms for learning cluster
graphs [Segal et al., 2005, Tikka et al., 2023, Wahl et al.,
2024], it does not require restrictive assumptions about the
underlying graph structure (e.g., the connectivity of nodes
within each cluster). For this reason, we build upon CLOC
to achieve interventional fairness using a cluster CPDAG.

3 PROPOSED METHOD

We propose a framework for achieving interventional fair-
ness (Definition 2.1) using an inferred cluster CPDAG.

3.1 CHALLENGES IN CLUSTER CPDAGS

To ensure interventional fairness, we design penalty function
gω in (1) that reduces the discrepancy between interventional
distributions in (4). However, when only a cluster CPDAG
is available, inferring these distributions is challenging.
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Unlike counterfactual fairness [Kusner et al., 2017, Wu
et al., 2019], interventional fairness is (i) a group-level

notion—in contrast to individual-level one, which is formal-
ized via conditional distributions conditioned on all features
X of an individual—and (ii) defined using interventional
distributions, not counterfactual distributions [Pearl, 2009].

An advantage of interventional fairness is that the interven-
tional distributions in Eq. (4) can be identified using partial
causal graph knowledge, formalized as a CPDAG [Maathuis
et al., 2009, Fang and He, 2020, Guo and Perković, 2022].

A CPDAG represents a Markov equivalence class (MEC),
a class of causal DAGs with the same conditional indepen-
dence relations among variables. It contains directed edges
that are common to all DAGs in the class, and undirected
edges whose orientations vary across the DAGs. For exam-
ple, the MEC containing the causal DAG in Figure 1 (a) is
given by the CPDAG in Figure 1 (c), where the directed
edges in collider structures (e.g., A1 ↓ Xad

1 ↔ E1 with
A1 and E1 being non-adjacent (i.e., unshielded)) remain di-
rected, since their conditional independence relations differ
from those in non-collider structures.

Although CPDAG inference only requires conditional inde-
pendence tests, it can be challenging in high-dimensional
setups due to the large number of tests required. This chal-
lenge motivates cluster causal graphs, as their estimation
needs exponentially fewer tests (with respect to the maxi-
mum node degree) and can further gain statistical power by
leveraging modern multivariate testing [Anand et al., 2025].

2.3 CLUSTER CAUSAL GRAPHS

Cluster DAGs A cluster graph G is constructed by group-
ing nodes V in a variable-level DAG Gv [Anand et al., 2023].
Given a partition of d clusters C = {C1, . . . ,Cd} of nodes
V , a cluster graph G over C has a directed edge Ci ↓ Cj

between clusters Ci,Cj ↗ C, if some Vi ↗ Ci and Vj ↗ Cj

have edge Vi ↓ Vj in Gv. For instance, the causal graph in
Figure 1 (a) is converted to the cluster DAG in Figure 1 (d).
Following Anand et al. [2025], we assume that the resulting
cluster graph is a DAG; this assumption is feasible for many
applications by leveraging domain knowledge to design an
appropriate partition, called an admissible partition.

Even under acyclicity, a cluster graph can entail different
conditional independence relations among the clusters, de-
pending on the unspecified variable-level structures within
each cluster. For example, as illustrated in Figure 2 (b) and
(c; right), collider structure X ↓ Z ↔ Y can entail different
relations X ↘≃≃Y | Z and X ≃≃Y | Z, depending on whether
variable-level collider structure Xi ↓ Zk ↔ Yj exists in
Gv for some Xi ↗ X, Yj ↗ Y, and Zk ↗ Z.

To explicitly represent such differences, Anand et al. [2025]
propose independence arcs, as well as connection and sep-

aration marks. An independence arc A→X,Z,Y↑ over an (un-
shielded) cluster triplet →X,Z,Y↑ takes three possible states:
marginally connecting (marg), conditionally connecting

(cond), and never connecting (never), each implying the
conditional independence relations described in Figure 2. A
connection mark ⇐C and a separation mark ⇒C for some
cluster set C ⇑ C are put on independence arc A→X,Z,Y↑, if
conditioning C renders X and Y dependent and independent,
respectively, which are otherwise not implied by the state of
arc A→X,Z,Y↑. We present the definitions in Appendix A.2.

Cluster CPDAGs A cluster CPDAG expresses a cluster

MEC, a class of cluster DAGs with identical conditional
independence relations among clusters. As in Figure 1 (e),
it contains directed edges, independence arcs, and connec-
tion/separation marks shared in all cluster DAGs in the class,
and undirected edges whose orientations differ in the class.

Anand et al. [2025] propose the inference method for a
cluster CPDAG, called the causal learning over clusters

(CLOC). Compared to other algorithms for learning cluster
graphs [Segal et al., 2005, Tikka et al., 2023, Wahl et al.,
2024], it does not require restrictive assumptions about the
underlying graph structure (e.g., the connectivity of nodes
within each cluster). For this reason, we build upon CLOC
to achieve interventional fairness using a cluster CPDAG.

3 PROPOSED METHOD

We propose a framework for achieving interventional fair-
ness (Definition 2.1) using an inferred cluster CPDAG.

3.1 CHALLENGES IN CLUSTER CPDAGS

To ensure interventional fairness, we design penalty function
gω in (1) that reduces the discrepancy between interventional
distributions in (4). However, when only a cluster CPDAG
is available, inferring these distributions is challenging.
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• A cluster CPDAG represents a cluster Markov Equivalence 
Class (MEC)
• Cluster MEC: a class of cluster DAGs with identical CI
relations among clusters

Cluster CPDAGs [Anand+; NeurIPS2025]
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Figure 1: Causal graphs representing a scenario of hiring decisions: (a) DAG over X, (b) DAG over X and Ŷ, (c) CPDAG
over X, (d) cluster DAG over X, and (e) cluster CPDAG over X with independence arcs and connection/separation marks.

identification of interventional distributions for the true
cluster DAG compatible with the cluster CPDAG.

• We propose a learning framework that achieves inter-
ventional fairness by penalizing the worst-case unfair-
ness across these adjustment cluster sets. To efficiently
measure the overall discrepancy across pairs of inter-
ventional distributions, we introduce a computationally
efficient barycenter kernel maximum mean discrepancy
(MMD) that scales favorably with both the number of
sensitive attribute values and the sample size.

• Through extensive experiments on synthetic and real-
world datasets, we demonstrate that the proposed
method attains a better trade-off between fairness and
predictive accuracy than existing approaches.

2 PRELIMINARIES

2.1 PROBLEM SETUP

We consider (possibly multi-output) supervised learning. We
train a model hω with parameters ω that outputs prediction
Ŷ of decision outcome(s) Y from each individual’s features
X, including discrete-valued sensitive features A.

We seek parameters ω that achieve a good balance between
prediction accuracy and fairness with respect to sensitive
features A. Given n training instances {(xi, yi)ni=1}, our
learning problem is formulated as

min
ω

1

n

n∑

i=1

ε(yi, hω(xi)) + ϑgω(x1, . . . , xn), (1)

where ε is a loss function that measures the prediction error,
gω is a penalty function that quantifies the unfairness of
predictive model hω, and ϑ → 0 is a hyperparameter.

We formulate penalty function gω based on the notion of
interventional fairness [Salimi et al., 2019], which is defined
using structural causal models (SCMs) [Pearl, 2009].

2.2 FAIRNESS VIA LENS OF CAUSALITY

Consider a scenario of making hiring decisions for phys-
ically demanding jobs [Chikahara et al., 2023]. We pre-
dict Ŷ = [Ŷ1] from each applicant’s features X =

{A,Xad,D,E}: gender and nationality A = [A1, A2] (sen-
sitive features), physical test scores Xad

= [Xad
1 , Xad

2 ],
medical test results D = [D1, D2], and educational back-
ground E = [E1]. Since the job requires physical strength,
we treat the physical test scores Xad as admissible features,
whose use in decision-making is not regarded as indirect
discrimination with respect to the sensitive features A.

When causal relationships among features X are expressed
by the causal graph in Figure 1(a), we can depict the data-
generating process of X and Ŷ as in Figure 1(b) by adding
directed edges from each feature in X to prediction Ŷ.

An SCM formalizes such data-generating process. For ex-
ample, physical test score Xad

1 is determined by the values
of its parents in the causal graph in Figure 1(b):

Xad
1 = fXad

1
(A1, D2, E1, UXad

1
), (2)

where UXad
1

is an exogenous noise, and fXad
1

is a determin-
istic function. Whereas the true forms of such deterministic
functions as fXad

1
are unknown for observed features X, the

prediction Ŷ = [Ŷ1] is given by the known function, as it is
produced by a prediction model hω:

Ŷ = hω(X,UŶ), (3)

where UŶ is an exogenous noise term corresponding to the
randomness of hω when it is a probabilistic model.

Interventional fairness is defined via an operation on an
SCM called an intervention. For instance, an intervention
do(Xad

1 = xad
1 ) modifies the data-generating process of

Xad
1 in (2) by forcing Xad

1 to take the fixed value xad
1 . Us-

ing such hypothetical modifications to the data-generating
process, interventional fairness is defined as the equality of
the interventional distributions of Ŷ under interventions on
the sensitive features A and the admissible features Xad:

Definition 2.1 (Salimi et al. [2019]). Prediction Ŷ is inter-

ventionally fair with respect to sensitive features A, if

P(Ŷ = ŷ | do(A = a), do(Xad
= xad))

=P(Ŷ = ŷ | do(A = a→), do(Xad
= xad)),

(4)

holds for all possible prediction values ŷ, for any discrete
values a, a→ of sensitive features A and for any discrete val-
ues xad of admissible features Xad.

CI relations vary depending on inner graph structures.
Graphical objects (arcs over each triplet & marks) are 

added to explicitly represent CI relations.
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Figure 1: Causal graphs representing a scenario of hiring decisions: (a) DAG over X, (b) DAG over X and Ŷ, (c) CPDAG
over X, (d) cluster DAG over X, and (e) cluster CPDAG over X with independence arcs and connection/separation marks.

identification of interventional distributions for the true
cluster DAG compatible with the cluster CPDAG.

• We propose a learning framework that achieves inter-
ventional fairness by penalizing the worst-case unfair-
ness across these adjustment cluster sets. To efficiently
measure the overall discrepancy across pairs of inter-
ventional distributions, we introduce a computationally
efficient barycenter kernel maximum mean discrepancy
(MMD) that scales favorably with both the number of
sensitive attribute values and the sample size.

• Through extensive experiments on synthetic and real-
world datasets, we demonstrate that the proposed
method attains a better trade-off between fairness and
predictive accuracy than existing approaches.

2 PRELIMINARIES

2.1 PROBLEM SETUP

We consider (possibly multi-output) supervised learning. We
train a model hω with parameters ω that outputs prediction
Ŷ of decision outcome(s) Y from each individual’s features
X, including discrete-valued sensitive features A.

We seek parameters ω that achieve a good balance between
prediction accuracy and fairness with respect to sensitive
features A. Given n training instances {(xi, yi)ni=1}, our
learning problem is formulated as

min
ω

1

n

n∑

i=1

ε(yi, hω(xi)) + ϑgω(x1, . . . , xn), (1)

where ε is a loss function that measures the prediction error,
gω is a penalty function that quantifies the unfairness of
predictive model hω, and ϑ → 0 is a hyperparameter.

We formulate penalty function gω based on the notion of
interventional fairness [Salimi et al., 2019], which is defined
using structural causal models (SCMs) [Pearl, 2009].

2.2 FAIRNESS VIA LENS OF CAUSALITY

Consider a scenario of making hiring decisions for phys-
ically demanding jobs [Chikahara et al., 2023]. We pre-
dict Ŷ = [Ŷ1] from each applicant’s features X =

{A,Xad,D,E}: gender and nationality A = [A1, A2] (sen-
sitive features), physical test scores Xad

= [Xad
1 , Xad

2 ],
medical test results D = [D1, D2], and educational back-
ground E = [E1]. Since the job requires physical strength,
we treat the physical test scores Xad as admissible features,
whose use in decision-making is not regarded as indirect
discrimination with respect to the sensitive features A.

When causal relationships among features X are expressed
by the causal graph in Figure 1(a), we can depict the data-
generating process of X and Ŷ as in Figure 1(b) by adding
directed edges from each feature in X to prediction Ŷ.

An SCM formalizes such data-generating process. For ex-
ample, physical test score Xad

1 is determined by the values
of its parents in the causal graph in Figure 1(b):

Xad
1 = fXad

1
(A1, D2, E1, UXad

1
), (2)

where UXad
1

is an exogenous noise, and fXad
1

is a determin-
istic function. Whereas the true forms of such deterministic
functions as fXad

1
are unknown for observed features X, the

prediction Ŷ = [Ŷ1] is given by the known function, as it is
produced by a prediction model hω:

Ŷ = hω(X,UŶ), (3)

where UŶ is an exogenous noise term corresponding to the
randomness of hω when it is a probabilistic model.

Interventional fairness is defined via an operation on an
SCM called an intervention. For instance, an intervention
do(Xad

1 = xad
1 ) modifies the data-generating process of

Xad
1 in (2) by forcing Xad

1 to take the fixed value xad
1 . Us-

ing such hypothetical modifications to the data-generating
process, interventional fairness is defined as the equality of
the interventional distributions of Ŷ under interventions on
the sensitive features A and the admissible features Xad:

Definition 2.1 (Salimi et al. [2019]). Prediction Ŷ is inter-

ventionally fair with respect to sensitive features A, if

P(Ŷ = ŷ | do(A = a), do(Xad
= xad))

=P(Ŷ = ŷ | do(A = a→), do(Xad
= xad)),

(4)

holds for all possible prediction values ŷ, for any discrete
values a, a→ of sensitive features A and for any discrete val-
ues xad of admissible features Xad.
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Figure 1: Causal graphs representing a scenario of hiring decisions: (a) DAG over X, (b) DAG over X and Ŷ, (c) CPDAG
over X, (d) cluster DAG over X, and (e) cluster CPDAG over X with independence arcs and connection/separation marks.

identification of interventional distributions for the true
cluster DAG compatible with the cluster CPDAG.

• We propose a learning framework that achieves inter-
ventional fairness by penalizing the worst-case unfair-
ness across these adjustment cluster sets. To efficiently
measure the overall discrepancy across pairs of inter-
ventional distributions, we introduce a computationally
efficient barycenter kernel maximum mean discrepancy
(MMD) that scales favorably with both the number of
sensitive attribute values and the sample size.

• Through extensive experiments on synthetic and real-
world datasets, we demonstrate that the proposed
method attains a better trade-off between fairness and
predictive accuracy than existing approaches.

2 PRELIMINARIES

2.1 PROBLEM SETUP

We consider (possibly multi-output) supervised learning. We
train a model hω with parameters ω that outputs prediction
Ŷ of decision outcome(s) Y from each individual’s features
X, including discrete-valued sensitive features A.

We seek parameters ω that achieve a good balance between
prediction accuracy and fairness with respect to sensitive
features A. Given n training instances {(xi, yi)ni=1}, our
learning problem is formulated as

min
ω

1

n

n∑

i=1

ε(yi, hω(xi)) + ϑgω(x1, . . . , xn), (1)

where ε is a loss function that measures the prediction error,
gω is a penalty function that quantifies the unfairness of
predictive model hω, and ϑ → 0 is a hyperparameter.

We formulate penalty function gω based on the notion of
interventional fairness [Salimi et al., 2019], which is defined
using structural causal models (SCMs) [Pearl, 2009].

2.2 FAIRNESS VIA LENS OF CAUSALITY

Consider a scenario of making hiring decisions for phys-
ically demanding jobs [Chikahara et al., 2023]. We pre-
dict Ŷ = [Ŷ1] from each applicant’s features X =

{A,Xad,D,E}: gender and nationality A = [A1, A2] (sen-
sitive features), physical test scores Xad

= [Xad
1 , Xad

2 ],
medical test results D = [D1, D2], and educational back-
ground E = [E1]. Since the job requires physical strength,
we treat the physical test scores Xad as admissible features,
whose use in decision-making is not regarded as indirect
discrimination with respect to the sensitive features A.

When causal relationships among features X are expressed
by the causal graph in Figure 1(a), we can depict the data-
generating process of X and Ŷ as in Figure 1(b) by adding
directed edges from each feature in X to prediction Ŷ.

An SCM formalizes such data-generating process. For ex-
ample, physical test score Xad

1 is determined by the values
of its parents in the causal graph in Figure 1(b):

Xad
1 = fXad

1
(A1, D2, E1, UXad

1
), (2)

where UXad
1

is an exogenous noise, and fXad
1

is a determin-
istic function. Whereas the true forms of such deterministic
functions as fXad

1
are unknown for observed features X, the

prediction Ŷ = [Ŷ1] is given by the known function, as it is
produced by a prediction model hω:

Ŷ = hω(X,UŶ), (3)

where UŶ is an exogenous noise term corresponding to the
randomness of hω when it is a probabilistic model.

Interventional fairness is defined via an operation on an
SCM called an intervention. For instance, an intervention
do(Xad

1 = xad
1 ) modifies the data-generating process of

Xad
1 in (2) by forcing Xad

1 to take the fixed value xad
1 . Us-

ing such hypothetical modifications to the data-generating
process, interventional fairness is defined as the equality of
the interventional distributions of Ŷ under interventions on
the sensitive features A and the admissible features Xad:

Definition 2.1 (Salimi et al. [2019]). Prediction Ŷ is inter-

ventionally fair with respect to sensitive features A, if

P(Ŷ = ŷ | do(A = a), do(Xad
= xad))

=P(Ŷ = ŷ | do(A = a→), do(Xad
= xad)),

(4)

holds for all possible prediction values ŷ, for any discrete
values a, a→ of sensitive features A and for any discrete val-
ues xad of admissible features Xad.
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Idea: Back-door adjustment set enumeration
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• Adjustment set 𝒁: Identifying an interventional distribution 
via marginalization

• Parent set is a common choice of adjustment set:

Back-door adjustmentIf we have access to the variable-level causal DAG, we can
infer interventional distributions by identifying adjustment
variables Z from the graph structure and marginalizing over
Z and the remaining variables Xre

= X\{A,Xad,Z}:

P(Ŷ = ŷ | do(A = a), do(Xad
= xad))

=EZ,Xre|a,xad
[
P(Ŷ = ŷ|A = a,Xad

= xad,Z,Xre
)

]
.

(5)

This expectation can be estimated from the data distribution.

However, since a cluster CPDAG represents multiple DAGs
(in the cluster MEC), we cannot identify such a single adjust-
ment set Z. A possible solution is to enumerate adjustment
sets Z1, . . . ,ZM , such that, for any cluster DAG in the clus-
ter MEC, at least one set enables the adjustment in Eq. (5).

In case of variable-level CPDAGs, we can efficiently enu-
merate such adjustment sets [Li et al., 2024], thanks to the
desirable graphical properties (e.g., chordality of chain com-

ponents, each connected with undirected edges [Guo and
Perković, 2022]). However, cluster CPDAGs do not enjoy
these ideal properties, and their graph structures alone are
insufficient to determine conditional independence relations
among clusters, as described in Section 2.3.

For this reason, we develop a novel adjustment set enumer-
ation algorithm that explicitly accounts for independence
arcs and separation/connection marks in a cluster CPDAG.

3.2 ADJUSTMENT SET ENUMERATION

3.2.1 Assumptions and Enumeration Strategy

Inferring a cluster CPDAG over features X with the CLOC
algorithm [Anand et al., 2025] requires three assumptions:

Assumption 3.1. The underlying variable-level causal
graph over features X is a DAG and contains no unobserved
confounders between any pair of features in X.

Assumption 3.2. A partition of clusters C = {C1, . . . ,Cd}
is admissible: No directed cycle arises due to the partition.

Assumption 3.3. Distribution P(C) is faithful to the under-
lying cluster DAG over C (See Appendix A.3 for details).

Violating these assumptions implies no guarantee to recover
the true cluster CPDAG; however, we empirically observe
that the resulting CPDAG is useful for enforcing fairness
(Appendix E.3). Assuming acyclicity and no unobserved
confounders, which is standard in the literature on interven-
tional fairness [Li et al., 2024, Zuo et al., 2024], is sufficient
to apply the standard back-door adjustment [Pearl, 2009].

For this reason, we seek adjustment sets Z1, . . . ,ZM such
that, for the true cluster DAG, at least one of these sets d-

separates all back-door paths from sensitive features A to
prediction Ŷ (i.e., the paths with A → . . . connecting to Ŷ).
For this goal, we use the cluster-level d-separation:

Definition 3.4 (Anand et al. [2025]). A path p = ↑C1,C2,
C3, . . . ,Cd↓ in a cluster DAG is d-separated by a set of clus-
ters Z ↔ C if and only if the sequence of independence arcs
along the path, A→C1,C2,C3↑

, . . . ,A→Cd→2,Cd→1,Cd↑
, contains

independence arc A→Ci,Ck,Cj↑
for i, k, j that

1. is marg with (a) Ck in Z or (b) separation mark ↗Cx

for some Cx on path p, where x ↘ {1, . . . , d}.
2. is cond with (a) Ck and its true descendant Ctd (with

directed path Ck ≃ · · · ≃ Ctd) not in Z, and (b) has
no connection mark ⇐Cx such that Cx in Z or (c) has
separation mark ↗Cx for some Cx on path p.

3. is never and has no connection mark ⇐Cx for Cx in Z.

Definition 3.4 extends d-separation using independence
arcs and marks. Unlike the original one, even when triplet
↑Ci,Ck,Cj↓ forms a collider structure, if arc A→Ci,Ck,Cj↑

takes never (Figure 2(c)), then the path remains d-separated
regardless of whether Ck (or its descendants) is in Z.

For a cluster set to d-separate back-door paths from A to
Ŷ, it suffices to d-separate back-door paths from A to each
feature in X for cluster DAGs over features X, as their corre-
sponding cluster CPDAG can be augmented with prediction
Ŷ, as shown in Figure 1(b). For simplicity, we consider
back-door paths A → · · · ; the same procedure applies to
Xad → · · · . We obtain the adjustment sets in two steps:

1. Parent Enumeration (Section 3.2.2): From possible
DAG structures, we enumerate the parents of A, i.e.,
the clusters that appear first on back-door paths. If all
parent sets contain no connection-marked cluster, they
achieve adjustment; otherwise, we proceed to Step 2.

2. Adjustment Set Completion (Section 3.2.3): We iter-
atively augment each adjustment-set candidate with ad-
ditional clusters needed to d-separate back-door paths.

3.2.2 Parent Set Enumeration

The parent sets of sensitive features A fall into two cate-
gories. One is definite parents pa(A), which are parents
of A in all cluster DAGs in the cluster MEC, i.e., clusters
with directed edges into A in the cluster CPDAG. The other
is possible parents, which are parents of A in some but
not all cluster DAGs in the cluster MEC, i.e., clusters with
undirected edges adjacent to A in the cluster CPDAG.

Hence, to enumerate all parent candidate sets of A, it suffices
to take the union of definite and possible parent sets as

Zm
:= pa(A) ⇒ Sm for m = 1, . . . ,M, (6)

where S1, . . . , SM are possible parent sets, with M increas-
ing with the number of undirected edges incident to A.

To identify possible parent set Sm in (6), we give necessary
and sufficient conditions for a subset of siblings of A (i.e.,
clusters with an undirected edge incident to A) to be Sm:

If we have access to the variable-level causal DAG, we can
infer interventional distributions by identifying adjustment
variables Z from the graph structure and marginalizing over
Z and the remaining variables Xre

= X\{A,Xad,Z}:

P(Ŷ = ŷ | do(A = a), do(Xad
= xad))

=EZ,Xre|a,xad
[
P(Ŷ = ŷ|A = a,Xad

= xad,Z,Xre
)

]
.

(5)

This expectation can be estimated from the data distribution.

However, since a cluster CPDAG represents multiple DAGs
(in the cluster MEC), we cannot identify such a single adjust-
ment set Z. A possible solution is to enumerate adjustment
sets Z1, . . . ,ZM , such that, for any cluster DAG in the clus-
ter MEC, at least one set enables the adjustment in Eq. (5).

In case of variable-level CPDAGs, we can efficiently enu-
merate such adjustment sets [Li et al., 2024], thanks to the
desirable graphical properties (e.g., chordality of chain com-

ponents, each connected with undirected edges [Guo and
Perković, 2022]). However, cluster CPDAGs do not enjoy
these ideal properties, and their graph structures alone are
insufficient to determine conditional independence relations
among clusters, as described in Section 2.3.

For this reason, we develop a novel adjustment set enumer-
ation algorithm that explicitly accounts for independence
arcs and separation/connection marks in a cluster CPDAG.

3.2 ADJUSTMENT SET ENUMERATION

3.2.1 Assumptions and Enumeration Strategy

Inferring a cluster CPDAG over features X with the CLOC
algorithm [Anand et al., 2025] requires three assumptions:

Assumption 3.1. The underlying variable-level causal
graph over features X is a DAG and contains no unobserved
confounders between any pair of features in X.

Assumption 3.2. A partition of clusters C = {C1, . . . ,Cd}
is admissible: No directed cycle arises due to the partition.

Assumption 3.3. Distribution P(C) is faithful to the under-
lying cluster DAG over C (See Appendix A.3 for details).

Violating these assumptions implies no guarantee to recover
the true cluster CPDAG; however, we empirically observe
that the resulting CPDAG is useful for enforcing fairness
(Appendix E.3). Assuming acyclicity and no unobserved
confounders, which is standard in the literature on interven-
tional fairness [Li et al., 2024, Zuo et al., 2024], is sufficient
to apply the standard back-door adjustment [Pearl, 2009].

For this reason, we seek adjustment sets Z1, . . . ,ZM such
that, for the true cluster DAG, at least one of these sets d-

separates all back-door paths from sensitive features A to
prediction Ŷ (i.e., the paths with A → . . . connecting to Ŷ).
For this goal, we use the cluster-level d-separation:

Definition 3.4 (Anand et al. [2025]). A path p = ↑C1,C2,
C3, . . . ,Cd↓ in a cluster DAG is d-separated by a set of clus-
ters Z ↔ C if and only if the sequence of independence arcs
along the path, A→C1,C2,C3↑

, . . . ,A→Cd→2,Cd→1,Cd↑
, contains

independence arc A→Ci,Ck,Cj↑
for i, k, j that

1. is marg with (a) Ck in Z or (b) separation mark ↗Cx

for some Cx on path p, where x ↘ {1, . . . , d}.
2. is cond with (a) Ck and its true descendant Ctd (with

directed path Ck ≃ · · · ≃ Ctd) not in Z, and (b) has
no connection mark ⇐Cx such that Cx in Z or (c) has
separation mark ↗Cx for some Cx on path p.

3. is never and has no connection mark ⇐Cx for Cx in Z.

Definition 3.4 extends d-separation using independence
arcs and marks. Unlike the original one, even when triplet
↑Ci,Ck,Cj↓ forms a collider structure, if arc A→Ci,Ck,Cj↑

takes never (Figure 2(c)), then the path remains d-separated
regardless of whether Ck (or its descendants) is in Z.

For a cluster set to d-separate back-door paths from A to
Ŷ, it suffices to d-separate back-door paths from A to each
feature in X for cluster DAGs over features X, as their corre-
sponding cluster CPDAG can be augmented with prediction
Ŷ, as shown in Figure 1(b). For simplicity, we consider
back-door paths A → · · · ; the same procedure applies to
Xad → · · · . We obtain the adjustment sets in two steps:

1. Parent Enumeration (Section 3.2.2): From possible
DAG structures, we enumerate the parents of A, i.e.,
the clusters that appear first on back-door paths. If all
parent sets contain no connection-marked cluster, they
achieve adjustment; otherwise, we proceed to Step 2.

2. Adjustment Set Completion (Section 3.2.3): We iter-
atively augment each adjustment-set candidate with ad-
ditional clusters needed to d-separate back-door paths.

3.2.2 Parent Set Enumeration

The parent sets of sensitive features A fall into two cate-
gories. One is definite parents pa(A), which are parents
of A in all cluster DAGs in the cluster MEC, i.e., clusters
with directed edges into A in the cluster CPDAG. The other
is possible parents, which are parents of A in some but
not all cluster DAGs in the cluster MEC, i.e., clusters with
undirected edges adjacent to A in the cluster CPDAG.

Hence, to enumerate all parent candidate sets of A, it suffices
to take the union of definite and possible parent sets as

Zm
:= pa(A) ⇒ Sm for m = 1, . . . ,M, (6)

where S1, . . . , SM are possible parent sets, with M increas-
ing with the number of undirected edges incident to A.

To identify possible parent set Sm in (6), we give necessary
and sufficient conditions for a subset of siblings of A (i.e.,
clusters with an undirected edge incident to A) to be Sm:

※ : remaining variables

Example: 
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Proposed penalty function

3.3.1 Towards Efficient MMD Estimation

Our estimation strategies are twofold. First, we reduce the
quadratic time complexity O(N2

A) to O(NA) by decompos-
ing the summation over pairwise MMDs for sensitive feature
values a and a→ as the sum of barycenter MMDs:
∑

a,a→
MMDm(PŶ|do(a),do(xad),PŶ|do(a→),do(xad)) (7)

=c
∑

a
MMDm(PŶ|do(a),do(xad),

1

NA

∑

a→
PŶ|do(a→),do(xad)),

where c = 2NA is a constant, and 1
NA

∑
a→ PŶ|do(a→),do(xad)

is the mixture distribution corresponding to the barycenter
of distributions {P(Ŷ|do(a), do(xad

))}a. The equality holds
from the fact that the MMD is a distance metric in the inner
product space, called the reproducing kernel Hilbert space
(RKHS); see Appendix B.1 for the derivation.

Second, we decrease the time for computing each MMD
from O(n2

) to O(ndRFF) by approximating feature map-
ping ω(·) of kernel function k(y, y→) = →ω(y),ω(y→)↑ as a
dRFF-dimensional vector of random Fourier features (RFFs)
[Rahimi and Recht, 2007]. The MMD in (7) is defined as the
distance in the RKHS Hk between kernel mean embeddings:

↓µŶ|do(a),do(xad) ↔ µŶ|do(a→),do(xad)↓Hk , (8)

where kernel mean embedding µŶ|do(a),do(xad) is defined as

µŶ|do(a),do(xad) := EŶ|do(A=a),do(Xad=xad)[ω(Ŷ)]. (9)

RFFs approximate feature mapping ω(·) in (9) as a vector:

ωRFF(y) =
[
cos(ε↑

1 y + b1), . . . , cos(ε
↑

dRFF
y + bdRFF)

]↑
,

where {εi}dRFF
i=1 and {bi}dRFF

i=1 are randomly sampled coeffi-
cients; with the Gaussian kernel k with bandwidth ϑ > 0,
they are sampled from the Gaussian distribution N (0, ϑ↓2

)

and the uniform distribution U [0, 2ϖ], respectively.

With these two strategies, we can efficiently compute the
worst-case MMD with O(MNANXadndRFF).

3.3.2 Penalty Function Formulation

To estimate the barycenter MMD in (7), we develop a
weighted estimator of the kernel mean embedding in (9), by
combining inverse probability weighting (IPW) and RFFs.

Recall that interventional distribution P(Ŷ|do(a), do(xad))
is identified using a valid adjustment set Z as the conditional
expectation in (5). Using IPW, this can be estimated as

EZ,Xre|a,xad
[
P(Ŷ = ŷ|A = a,Xad

= xad,Z,Xre
)

]
,

=E
[
I(a, xad)
ϖa,xad(Z)

EXre|A,Xad,Z

[
P(Ŷ = ŷ | A,Xad,Z,Xre

)

]]
,

(10)

where I(a, xad) is the indicator function that takes 1 if
A = a and Xad

= xad for discrete A,Xad; otherwise 0,
ϖa,xad(Z) := P(A = a,Xad

= xad | Z) is the probabil-
ity known as the joint propensity score, and P(Ŷ = ŷ |
a, xad,Z,Xre

) is the distribution of Ŷ given by predictive
model hω. We derive Eqs. (5) and (10) in Appendix B.2.

As with (10), the kernel mean embedding in Eq. (9) can be
estimated as an empirical weighted average of RFF vectors:

µ̂Ŷ|do(a),do(xad) =
1

n

n∑

i=1

wiωRFF(ŷi), (11)

where ŷi = hω(xi) is prediction, and wi is an IPW weight:

wi =
I(Ai = a,Xad

i = xad)
ϖa,xad(zmi )

, (12)

where ϖa,xad(zmi ) = P(A = a,Xad
= xad | Zm

= zmi )

is the joint propensity score computed by fitting ϖa,xad to
the training data beforehand; we can apply IPW weight
stabilization techniques like clipping/smoothing [Chikahara
and Ushiyama, 2024], as empirically tested in Appendix E.6.

By computing the barycenter kernel MMD in (7) with
weighted estimators (11), we obtain our penalty function as

gω(x1, . . . , xn)

= max
m=1,...,M

∑

xad

∑

a
↓µ̂Ŷ|do(a),do(xad) ↔ ˆ̄µŶ|do(xad)↓

2
2,

(13)

where ˆ̄µŶ|do(xad) =
1
NA

∑
a µ̂Ŷ|do(a),do(xad) is the empirical

barycenter. Since maxm=1,...,M is non-differentiable, we ap-
proximate it as the Mellowmax function [Asadi and Littman,
2017], empirically improving performance (Appendix E.6).

4 EXPERIMENTS

Baselines. We compare our cluster interventional fairness
(C-IFair) method with six baselines. (i) Full uses all fea-
tures without fairness constraints. (ii) Unaware uses all
features except the sensitive features A. (iii) No-DesCs uses
all features except definite descendant clusters of A (i.e.,
clusters that are descendants of A in all cluster DAGs repre-
sented by the cluster CPDAG). (iv) ϱ-IFair [Zuo et al., 2024]
penalizes the kernel MMD estimated using a variable-level
CPDAG. (v) ς-IFair [Li et al., 2024] penalizes unfairness
based on a local adjustment set search over a variable-level
CPDAG. (vi) Oracle assumes access to the true variable-
level DAG and uses all non-descendant variables of A.
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3.3.1 Towards Efficient MMD Estimation

Our estimation strategies are twofold. First, we reduce the
quadratic time complexity O(N2

A) to O(NA) by decompos-
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=c
∑

a
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=c
∑

a
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↓µ̂Ŷ|do(a),do(xad) ↔ ˆ̄µŶ|do(xad)↓
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Empirical Results
Table 2: Area Under the Curve (AUC) and unfairness for real-world datasets on the held-out test set using 20 random seeds

ADULT GERMAN OULAD

AUC→ UNFAIRNESS↑ AUC→ UNFAIRNESS↑ AUC→ UNFAIRNESS↑
ORACLE 0.709± 0.009 0.000± 0.000 0.582± 0.004 0.000± 0.000 0.628± 0.015 0.000± 0.000

FULL 0.874± 0.004 0.030± 0.024 0.762± 0.060 0.173± 0.011 0.697± 0.024 0.061± 0.001

UNAWARE 0.805± 0.049 0.018± 0.014 0.695± 0.061 0.101± 0.013 0.654± 0.019 0.004± 0.000
NO-DESCS 0.815± 0.007 0.026± 0.022 0.726± 0.059 0.085± 0.008 0.654± 0.020 0.004± 0.000
ω-IFAIR 0.812± 0.006 0.015± 0.012 0.756± 0.008 0.082± 0.000 0.641± 0.005 0.005± 0.002
ε-IFAIR 0.764± 0.002 0.015± 0.008 0.750± 0.035 0.151± 0.011 0.639± 0.011 0.003± 0.001
C-IFAIR 0.829± 0.021 0.014± 0.010 0.760± 0.061 0.065± 0.008 0.660± 0.018 0.001± 0.000

4.2 REAL-WORLD DATA EXPERIMENTS

Settings. We use three standard benchmarks, the Adult,
German credit, and OULAD datasets. To evaluate unfair-
ness in the absence of ground-truth SCMs, we compute the
weighted MMD estimator in (7) by leveraging the variable-
level DAGs used in prior works (Appendix D.4).

Performance Comparison. Table 2 presents the AUC
and unfairness on the three datasets. Again, our C-IFair
achieves the best performance in terms of both AUC and un-
fairness among all baselines (except Oracle and Full), thus
underscoring its practical utility for real-world applications.

Fairness Illustration. We compare the inferred interven-
tional distributions over prediction Ŷ ↓ {0, 1} on the Adult
dataset. Following Zuo et al. [2024], we estimate proba-
bility P(Ŷ = 1 | do(A = a)) for different values a by
approximating the SCM via conditional density estimation.

Figure 4 shows the probability difference from baseline
value a = [0, 0]. Our C-IFair makes sufficiently fair predic-
tions with respect to sensitive features A (gender and race),
thus highlighting its effectiveness in practical applications.

4.3 ADDITIONAL EXPERIMENTS

Results in Appendix E support the following key findings:

• In presence of admissible clusters: Our C-IFair per-
forms best in these challenging setups (Appendix E.1).

• Dense graphs: Despite the change in number of adjust-
ment sets M , our C-IFair works best (Appendix E.2).

• Inadmissible partitions: Empirically, the inferred
graphs can still enforce fairness (Appendix E.3).

5 RELATED WORK

Achieving fairness under causal graph uncertainty has been
a long-standing challenge. Prior work has addressed counter-
factual fairness using manually designed candidate graphs
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Figure 4: Probability difference between intervened values
a→ = [0, 1], [1, 0], [1, 1] and a = [0, 0] on Adult dataset

[Russell et al., 2017, Chikahara et al., 2023]. ω-IFair [Zuo
et al., 2024] was the first to leverage a CPDAG, but it as-
sumes that no feature is connected to a sensitive feature via
an undirected edge. ε-IFair [Li et al., 2024] relaxes this
assumption, yet it still requires accurate CPDAG estimation.

Our C-IFair advances this line of work by providing a
principled framework for leveraging cluster-level causal
structure, which can be reliably inferred from the data.

6 CONCLUSION

We propose a learning framework for achieving interven-
tional fairness from the cluster CPDAG structure, whose
inference requires substantially fewer conditional indepen-
dence tests than the variable-level CPDAG. To overcome the
identification challenges in cluster CPDAGs, we establish a
graphical algorithm for identifying valid adjustment sets. By
computing the maximum MMD over these sets, we enforce
interventional fairness in the presence of graph uncertainty.

A promising direction for future work is to extend our frame-
work to incorporate additional domain knowledge about the
graph structure, just as the extension of CPDAG-based meth-
ods to maximally oriented partial directed acyclic graphs
(MPDAGs) [Li et al., 2024, Zuo et al., 2024]. Although
extending cluster CPDAGs to cluster MPDAGs is highly
non-trivial, it would further reduce the uncertainty in causal
structures and improve the fairness-accuracy trade-off.

Table 1: Root mean squared error (RMSE) and unfairness for linear (top) and nonlinear (bottom) datasets on test data

d=5 (dv=15) d=10 (dv=30) d=15 (dv=45)
LINEAR RMSE→ UNFAIRNESS→ RMSE→ UNFAIRNESS→ RMSE→ UNFAIRNESS→
ORACLE 0.957± 0.037 0.000± 0.000 0.977± 0.044 0.000± 0.000 1.069± 0.143 0.000± 0.000

FULL 0.523± 0.195 0.259± 0.129 0.483± 0.195 0.229± 0.136 0.554± 0.210 0.081± 0.117

UNAWARE 0.774± 0.154 0.071± 0.059 0.774± 0.154 0.062± 0.079 0.793± 0.120 0.046± 0.104
NO-DESCS 0.739± 0.140 0.064± 0.089 0.739± 0.140 0.065± 0.100 0.699± 0.135 0.033± 0.028
ω-IFAIR 0.647± 0.030 0.069± 0.031 0.663± 0.062 0.071± 0.011 0.671± 0.044 0.040± 0.011
ε-IFAIR 0.875± 0.028 0.069± 0.081 0.964± 0.049 0.072± 0.052 0.764± 0.049 0.052± 0.052
C-IFAIR 0.643± 0.127 0.060± 0.054 0.660± 0.123 0.056± 0.052 0.669± 0.171 0.020± 0.036

d=5 (dv=15) d=10 (dv=30) d=15 (dv=45)
NONLINEAR RMSE→ UNFAIRNESS→ RMSE→ UNFAIRNESS→ RMSE→ UNFAIRNESS→
ORACLE 1.008± 0.030 0.000± 0.000 1.055± 0.069 0.000± 0.000 1.000± 0.073 0.000± 0.000

FULL 0.914± 0.066 0.121± 0.073 0.925± 0.055 0.026± 0.026 0.928± 0.058 0.021± 0.007

UNAWARE 0.978± 0.058 0.069± 0.073 0.957± 0.061 0.027± 0.038 1.014± 0.055 0.024± 0.017
NO-DESCS 0.978± 0.061 0.084± 0.113 0.950± 0.066 0.022± 0.028 1.022± 0.069 0.020± 0.008
ω-IFAIR 0.938± 0.006 0.077± 0.009 0.953± 0.026 0.027± 0.000 0.962± 0.016 0.023± 0.001
ε-IFAIR 0.987± 0.065 0.076± 0.042 0.982± 0.041 0.023± 0.010 1.042± 0.041 0.017± 0.010
C-IFAIR 0.929± 0.051 0.066± 0.046 0.948± 0.051 0.021± 0.035 0.960± 0.036 0.010± 0.012
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Figure 3: Performance on linear datasets when varying ϑ from 0 to 200: (a): d = 5, (b): d = 10, and (c): d = 15 clusters.

d ↑ {5, 10, 15}) from an Erdős–Rényi (ER) model with
an expected degree of 2. Using the resulting DAGs and
corresponding linear or nonlinear SCMs, we generate 20
datasets with sample size n = 5000, each of which is split
into training (80%), validation (10%), and test (10%) sets.

By applying CLOC to each dataset, we infer a cluster
CPDAG over d clusters, using a randomly generated parti-
tion with 3 variables per cluster. We then select one cluster
consisting of binary variables as the sensitive cluster A. In
our main experiments, we set the admissible cluster Xad to
be empty; results with Xad are provided in Appendix E.1.

To evaluate unfairness, we estimate the MMD on the test set
by sampling interventional datasets with the true SCM.

Performance Comparison. Table 1 reports the mean and
standard deviation of RMSE and unfairness over 20 datasets.

Among the baselines (excluding Oracle and Full), our C-
IFair performs best in both RMSE and unfairness across
all settings, highlighting the effectiveness of our cluster-

graph-based framework. While maintaining high accuracy,
it achieves fairness closest to Oracle, which requires the true
variable-level DAG—an unrealistic requirement in practice.

Unaware and No-DesCs exhibit high RMSE and unfairness,
implying that discarding potentially predictive features is in-
sufficient to remove indirect effects due to graph uncertainty.
ω-IFair and ε-IFair produce less fair predictions than our C-
IFair in high-dimensional setups (d = 15), indicating that
inferred variable-level CPDAGs can be unreliable in such
setups. We provide supporting evidence for this claim in
Appendix E.5 in comparison with cluster CPDAG inference,
following the procedure of Anand et al. [2025].

Accuracy–Fairness Trade-Off. To assess the effect of
penalty function gω, we vary the parameter ϑ from 0 to 200.

Figure 3 shows results on the linear datasets. As expected,
increasing ϑ reduces unfairness at the cost of higher RMSE,
demonstrating that C-IFair can flexibly control the trade-off
by tuning ϑ to meet application-specific requirements.

Empirically, the proposed method performs best J

https://arxiv.org/abs/2602.23611
This work was supported by JST ACT-X



21© NTT, Inc.

1. Achieve fairness using a cluster causal graph [Chikahara. UAI2026]

2. Latent discrimination discovery via mean and variance causal graph
discovery [Chikahara. KDD2026] (if time permits)

Today’s topics
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Q: Can we help discover latent sensitive attributes?

Observational 
data

latent sensitive attributes

• Key idea: Features that affect the (conditional) variance 
may cause latent statistical discrimination

Example: 

Social
Class

RepaymentEmployment 
Status

Unobserved Legally acceptable for now, 
but potentially discriminatory in the future.

Affects the variance
(hard to detect)
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Moment-driven causal discovery
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MOMENT MATTERS: MEAN AND VARIANCE CAUSAL
GRAPH DISCOVERY FROM HETEROSCEDASTIC DATA

Anonymous authors
Paper under double-blind review

ABSTRACT

This paper proposes a Bayesian causal discovery approach to uncover the causal
mechanisms underlying heteroscedasticity, where the variance of one variable is
influenced by the values of the others. To distinguish between the causes that
affect the mean and those that influence the variance, we infer the posterior distri-
bution over mean and variance causal graphs, whose structures can be different,
depending on the moment information. We establish identifiability conditions
for these causal graphs by extending the results on heteroscedastic noise models
(HNMs). Building on these conditions, we develop a variational inference frame-
work that can incorporate prior knowledge about the node orderings of the under-
lying graphs. We experimentally show that our method can successfully infer both
mean and variance causal graphs, outperforming the state-of-the-art baselines.

1 INTRODUCTION

Many scientists are actively striving to uncover the causal mechanisms that govern complex real-
world phenomena. Causal discovery contributes to this goal by inferring cause-effect relation-
ships between variables as a causal graph, whose edge represents that one variable changes an-
other variable values. However, such edges do not specify which statistical moments are affected
by each cause, thereby limiting interpretability in complex systems that exhibit heteroscedas-

ticity, where different causes may influence the (conditional) mean and variance of a variable.

(a) (b)

Figure 1: (a) Moment-agnostic causal graph and (b)
mean and variance causal graphs (red and blue).

Motivating Example: Consider a drug en-
gineer who refines a compound to achieve
more consistent therapeutic effects by re-
ducing variability in a target protein’s activ-
ity across individuals (Michoel and Zhang,
2023). By inferring the subgraph of under-
lying causal structure shown in Figure 1 (a),
the engineer selects protein X1 as the down-
stream target and plans to intervene on its
causes, X2, . . . , X6, which are pharmacolog-
ically manipulatable regulators. However,
this standard causal graph is unsatisfactory: Although it narrows down the candidate causes of X1,
it does not reveal which causes influence X1’s variance, since such a moment-agnostic causal graph
does not distinguish the causes that affect the mean and those that influence the variance. By con-
trast, if the engineer could obtain mean and variance causal graphs, which make such distinctions
as shown in Figure 1 (b), they could design experiments by first focusing on achieving the desired
mean of X1 and subsequently varying the interventions on X5 and X6 to reduce X1’s variance while
preserving its mean. This targeted strategy would greatly facilitate the drug design process.

Beyond this example, the three real-world domains highlight the importance of identifying and
controlling the drivers of heteroscedasticity, i.e., causes that affect the (conditional) variance of
variables. First, in systems biology, whereas most molecules mainly shift mean expression, certain
factors (e.g., stress-response proteins) modulate variance (Guilbert et al., 2020; Boopathy et al.,
2022); detecting such modulators deepens our understanding of the regulatory basis of cell-to-cell
variability (Daye et al., 2012; Oyarzun et al., 2015). Second, in economics, it is of great interest to
stabilize key economic outcomes by controlling their cross-sectional variance (Braumoeller, 2006).
Third, in algorithmic fairness, the goal is to achieve equitable outcomes (e.g., in hiring, lending) with

1

Standard causal graph Mean/Variance Causal Graphs
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最近の拡張

• Additive noise model (ANM) [Hoyer+; NeurIPS2008]:
• ! = #! pa ! + '!
• Post nonlinear model (PNL) [Zhang+; UAI2009]:
• ! = #! $!(pa ! ) + *!
• Heteroscedastic noise model (HNM) [Tagasovska+; ICML2020]:
• ! = #! pa ! + (!(pa(!)) '!

観測"が実は対数値だった時でもOK
f!(%) = log(%)

例︓

X"

X#

分散不均⼀ノイズ: 原因変数の値で
ばらつき具合が変わる

Cause

Effect

Heteroscedastic data:

Data

Defined by extending identifiable SCM class called 
heteroscedastic noise models (HNMs)

• Mean-Variance HNMs [Chikahara; KDD2026]:

𝑋 = 𝑓" pa# 𝑋 + 𝑔"(pa$(𝑋)) 𝑈"
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1. Cluster causal graphs enable fair and accurate decision-
making under graph uncertainty.
2. Mean–variance causal discovery can help identify hidden
sources of discrimination through interpretable causal graph 
representations.

Take-home messages

Thank you! 


